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SUMMARY

Memory consolidation is the process by which temporary, malleable memories are transformed
into more stable, longer-lasting forms. On a coarse anatomical scale, consolidation redistributes
memories in the brain, but it remains poorly understood how these changes manifest them-
selves on the finer, cellular scale of neuronal engrams and how they relate to the cognitive level.
In this study, we developed a phenomenological model of engram dynamics under systems con-
solidation. The model describes consolidation as a brain-wide phenomenon, where memories
deterministically follow a trajectory through a space of patterns distributed among brain regions.
It captures a broad range of features of memory consolidation, including selective consolida-
tion, semantization, and power-law forgetting. In the model, consolidation is accompanied by
population-level changes in neuronal representations that resemble the widely observed phe-
nomenon of representational drift. When only a subset of neurons is observed, the deterministic
dynamics of the model can appear stochastic, and a readout of task features deteriorates over
time even when a stable readout exists for the full system. Our model offers a dynamical sys-
tems perspective on memory consolidation as a distributed process, moving beyond the classic
region-centered view, and provides a functional interpretation of drift as a means of redistributing
engrams for improved memory retention.
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INTRODUCTION

Memory is the ability to use past experience to influence the present. It relies on neuronal im-
prints of memories, likely in the form of long-term synaptic changes (Martin and Morris, 2002)
and neuronal activity patterns that are reactivated during memory recall (Josselyn and Tone-
gawa, 2020). The long-term maintenance of memories over months and years requires an active

31

32

33

34

35

36

37

38


https://doi.org/10.64898/2026.03.09.710554
http://creativecommons.org/licenses/by/4.0/

bioRxiv preprint doi: https://doi.org/10.64898/2026.03.09.710554; this version posted April 8, 2026. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is
made available under aCC-BY 4.0 International license.

process—memory consolidation—that transforms recent, malleable memories into a stable for-
mat (Squire et al., 2015). Memory consolidation occurs both at the synaptic level in the form of
molecular changes that increase synaptic stability (Reymann and Frey, 2007, |Fusi et al., 2005
Clopath, 2012) and at the systems level in the form of a redistribution of memories across dif-
ferent areas of the brain (Squire and Alvarez, [1995). Both forms are thought to address the
plasticity-stability dilemma, i.e., the challenge of both learning rapidly and retaining memories for
long periods of time (McClelland et al., 1995, [Fusi et al., 2005, Roxin and Fusi, 2013, Remme
et al., 2021).

Systems consolidation redistributes memories across different brain regions, but the accompa-
nying changes at the cellular level are not well understood. The act of remembering appears
to rely on “engram cells” (Josselyn and Tonegawa, [2020, |[Han et al., 2009, Liu et al., 2012) that
are consistently reactivated during memory recall over long time spans after memory acquisi-
tion. On the other hand, memories that are initially dependent on the hippocampus gradually
lose this dependence, suggesting that the engram should change and gradually transform into a
brain-wide “engram complex” of linked ensembles of engram cells (Roy et al., [2022), potentially
involving the spontaneous reactivation of engrams during sleep (Diekelmann and Born, 2010).

While the dynamics of engrams as the neuronal representation of memories remain unclear
(Zaki and Cai, 2024), the dynamics of neuronal representations of space and other task vari-
ables have recently been studied extensively. Even after a task has been successfully learned,
the associated representations continue to change over the course of days to weeks (e.g., Ziv
et al., 2013| Driscoll et al., 2017, |Rule et al., 2019, Schoonover et al., [2021). This phenomenon,
termed “representational drift”, is experience-dependent (Geva et al., 2023, Khatib et al., 2023)
and therefore also relies at least partially on neuronal reactivation. Mechanistic theories of rep-
resentational drift have suggested that it results from continued learning (Driscoll et al., 2022,
Devalle et al., [2025) or stochastic synaptic fluctuations (Qin et al., 2023, Eppler et al., 2026).
Yet, whether drift is merely a stochastic epiphenomenon that can be compensated for (Rule
and O’Leary, 2022, Micou and O’Leary, 2024) or whether it is a directed, purposeful process is
unclear (Micou and O’Leary, 2023).

The goal of the present study is to provide a conceptual bridge between the classical, area-
centered view of systems consolidation and the cellular level of neuronal engrams. To this end,
we develop a phenomenological model for the dynamics of neuronal engrams during consol-
idation. The model is mathematically similar to a recurrent neuronal network, allowing us to
reinterpret various dynamical phenomena known from neural networks in the domain of memory
consolidation. It provides an engram-based view of psychological phenomena, such as selective
forgetting and memory semantization, and reproduces power-law forgetting without the need for
neuron- or area-specific learning rates (Roxin and Fusi, |2013). Finally, we show that the dy-
namics of memory consolidation are accompanied by representational changes that share many
hallmarks of representational drift, suggesting that representational drift may be a side effect of
an active redistribution of memories for long-term maintenance.

RESULTS

A population model of memory engram dynamics

We consider a set of memories that can be reactivated by associated cues. Each memory is
represented in the brain by an engram vector e, (1 = 1,2,...) that describes the participation
of different neurons in the u-th memory (Fig. [1]A). We do not link this “participation” to a specific
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physiological signal but rather consider it a conceptual variable that may correlate with a variety
of measurements, such as neural activity or immediate early gene expression.

The model aims to describe how the engrams e, change over time. It rests on four simplifying
assumptions (for a detailed derivation, see Supplementary Section [S1). First, changes in an
engram are driven by its reactivation, such that the change in the engram depends on the shape
of the engram itself. Second, the reactivation of a given engram does not change other engrams,
such that we can describe the dynamics of an engram independently of all the others. Third, we
assume that engram changes can be separated into a forgetting component and a component
that describes the active consolidation of the memories. Finally, we approximate the engram
dynamics as linear. These assumptions lead to the following engram dynamics:

%e = -1 le+ Ae, (1)
where T is a diagonal matrix of forgetting times for each of the neurons, and A is a consolidation
matrix that describes how the participation of any neuron in the engram is redistributed among
the other neurons during systems consolidation. For the sake of simplifying notation, we start
with the dynamics of a single memory and thus exclude the memory subscript .

We assume that the recall of the engram generates a behavioral readout that we assume to
depend linearly on the engram:
z = A%, 2)

Here, z is a readout variable representing, for example, subjective recall or a behavior in re-
sponse to the elicited memory, and A°" is the readout matrix. The linear picture is likely a
relatively crude approximation of both the dynamics and the readout of the memory engrams,
but it provides a geometric perspective on memory consolidation that is conceptually useful.

The computational model in Egs. and is mathematically equivalent to a linear recurrent
neural network (RNN) but with crucial differences in interpretation (Table [f). The primary differ-
ence is that our model focuses on the evolution of engram participation over time, rather than
the firing rate dynamics typically modeled in RNNs. The consolidation matrix thus reflects the
influence neurons have on each others’ involvement in encoding memory, rather than the synap-
tic connections of the traditional RNN weight matrix. The resultant consolidation dynamics also
occur on a slower timescale, of hours to years, rather than the millisecond timescales of neural
activity.

Modeling the dynamics of memory engrams in this way allows us to reinterpret established dy-
namical phenomena in RNNs in the context of systems memory consolidation. The following
sections address in detail the consequences of this reinterpretation of neural network activity as
engram dynamics (Table [f).

Systems consolidation as sequential dynamics

The model allows us to generalize the classic inter-areal view of consolidation to brain-wide
representations. First, we present a consolidation matrix A that represents the classic view,
where initially hippocampal memories transform into cortical ones. We then show how this view
can be transformed to a more distributed view, with memories following trajectories in a space of
brain-wide engram patterns.
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Figure 1: Systems consolidation as sequential dynamics. A. Model for the dynamics of a cue-driven memory
engram e. B. Classical view of memory consolidation: A consolidation matrix A with entries that only consolidate
from hippocampus (HPC) to cortex (CTX) consolidates a hippocampal engram pattern pattern pq into a cortical
engram pattern p;. C. lllustration of the consolidation (pink arrow) between the hippocampal (blue) and cortical
(green) engram pattern. D. The neural engram dynamics e(t) can be described as a weighted sum of the elemental
patterns p, and time-varying pattern strengths w,(¢). E lllustration of the orthogonality of the hippocampal and
cortical patterns. F Simulation of the pattern strength dynamics with same pattern forgetting time 7 for both patterns.
G,H. Same as B,C but for the consolidation between two distributed (“brain-wide”) engram patterns. I. lllustration of
the hidden sequential dynamics between distributed, orthogonal patterns.
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Table 1: Many well-characterized features of traditional RNNs can be reinterpreted in our engram dynamics frame-
work.

Traditional RNN Engram dynamics

Definitions
Neural activity/firing rate Engram participation
Neural time constant (milliseconds) Consolidation timescales (hours to years)
Synaptic weight matrix Consolidation matrix
Initialization Memory acquisition
Neural dynamics Consolidation

[T1T]

Model dynamics
Feedforward networks Unidirectional pattern-to-pattern consolidation
Low-rank networks Selective consolidation & semantization
Attractors Stable engrams
Null-space dynamics Stable memories despite dynamic engrams

1111

Classical view: Hippocampus-to-cortex consolidation

In classical models of systems memory consolidation, memories are formed in the hippocampus
(HPC) and gradually transferred into cortex (CTX) for long-term storage (McClelland et al., 1995,
Roxin and Fusi, |2013). This picture can be encapsulated in our model by splitting the engram
into a hippocampal component e and a cortical component e“™* and limiting the entries of
the consolidation matrix A to those that transfer memories from hippocampus to cortex (Fig.[1B):

eHPC 0 0
€=1 orx /- A= CTX<HPC : (3)
e A < 0

Let us denote the initial memory engram as engram pattern po. In the classical view, this initial
memory would be exclusively hippocampal (Fig. [1B,C):

HPC
e(t:O):p():(pO ) (4)

Over time, this initial hippocampal engram pattern p, decays as a result of passive forgetting
while the consolidation process transforms it into a cortical pattern p;:

0
p1 = Apg = pCTX ’ (5)

This pattern decays in turn with a time constant that may be slower than hippocampal forgetting
(McClelland et al., [1995). Because the hippocampal and cortical patterns are represented in
disjoint sets of neurons (Fig.[1D, left), the two patterns are orthogonal (Fig.[TE), and the dynamics
take the form of a feedforward network in which each layer transiently stores memories before
passing them on to the next layer (Fig. [TF, left).

Distributed view: Pattern-to-pattern consolidation

To allow a more distributed view of consolidation (Roy et al., 2022), we can move away from the
area-centric view of engram dynamics described above, in which a memory transforms explicitly
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from one part of the brain to another, to a pattern-centric view (Goldman, 2009, Ganguli et al.,
2008). In this view, we can retain the previous feedforward dynamics but recast them as trans-
forming an engram within pattern space, where one distributed pattern transforms sequentially
into the next.

To introduce the pattern perspective, we represent the time-varying neural engram e(t¢) as a
superposition of P stable patterns of neural engram participation p,, each contributing with a
time-varying strength w, (¢) (Fig. [1D):

e(t) = 3 walt) po. ©)

The patterns define the sequential structure of the engram dynamics, while the pattern strengths
determine how active each pattern is over time. In this way, each pattern in neural space cor-
responds to a coordinate axis in pattern space (cf. Fig. [1E,F), and the engram dynamics is fully
captured by the pattern strength dynamics:

d . ~
EW:—T 'w+ Aw, (7)

with pattern strength vector w(t) = (wo(t), wy(t),...,wp_1(t)), pattern-specific time constants
T = diag(#,...,7p_1) and a pattern-specific consolidation matrix A (Fig. F). We can readily
transform between the neural and pattern spaces through an appropriate transform of the for-
getting times and consolidation matrix (cf. Supplementary Section[S2).

With this pattern-centric perspective, we can generalize the sequential picture of classical inter-
areal consolidation to a sequential consolidation among distributed patterns. To illustrate the
idea, consider two patterns p, and p; that are both distributed across both hippocampus and
cortex (Fig. [1|G,H). The patterns define the coordinate axes in pattern space po and p,, inde-
pendent of their neural representation (Fig. [TF). A sequential transformation from p, to p; is
described by a pattern-specific consolidation matrix with entries limited to those that link these

two patterns:
. 1 - 0 ~ 00
p0:(0)> Plz(l), A:(l O)' (8)

Because we have removed the constraint of the initial pattern being confined to hippocampus,
any of the entries in the associated consolidation matrix A in the neuron-centric view may be
non-zero, effectively mediating a bidirectional consolidation between hippocampal and cortical
components of the engram (Fig. [1[G).

The two distributed patterns can be seen as rotated versions of the originally hippocampus- and
cortex-specific patterns in neural space (Fig. []). This rotation preserves the geometry of the
engram dynamics and results in a hidden feedforward network, in which each distributed pattern
activates the next (Fig. [TF), while individual neurons can participate in multiple patterns. Our
model thus transfers the classical picture of hippocampal-to-cortical memory consolidation to
the consolidation of potentially brain-wide distributed engram patterns while maintaining the idea
of sequential dynamics.

Selective consolidation through low-rank dynamics

Some memories last a lifetime while others fade quickly, and even those memories that stand
the test of time often decline in vividness and detail. Classical models of memory consolida-
tion provide little insight into the neural correlates or mechanisms that underlie such selective
forgetting.
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Figure 2: Selective consolidation and stability through low-rank dynamics. A. Selective consolidation via a
low-rank hippocampus-to-cortex consolidation matrix. B. lllustration of low-rank consolidation: One hippocampal
component (pink) of the initial engram pattern py (blue) is parallel to the selection vector n and is consolidated into
a cortical engram pattern p; (green) that is parallel to the projection vector m. The other hippocampal component
(black) is passively forgotten. C. Pattern strengths over time with identical forgetting times . Both hippocampal
components are passively forgotten (left, blue lines, small offset for visualization). The engram is consolidated into
a cortical engram with a component only in direction of m (green, solid). D-F. Same as A-C but with an additional
hippocampus-to-hippocampus consolidation component with identical projection and selection vectors k L n, turn-
ing the previously non-consolidated hippocampal component (A, black) into a stable hippocampal engram (orange).

In the model, this selective consolidation can be understood as a consequence of the structure
of the consolidation matrix. A version of the model that consolidates certain memories while
forgetting others can be obtained with a consolidation matrix that is of low rank:

T
A = E m;n, .
i

We exemplify this in our hippocampus-to-cortex model (Figs. [2A). This formulation breaks the
initial engram pattern p, into two components: a selectively retained component that aligns with
the selection vectors n; and a forgotten component that is orthogonal to them (Fig. [2B). The
selected component is projected into the consolidated pattern p;, which is a superposition of the
consolidation vectors m;. Thus, only memories that lie in the selection space are consolidated,
while memories outside this space are passively forgotten (Fig. [2C).

(9)

The selection vectors can select not only which memories, but also which components of a single
memory, are consolidated. If the semantic component of a hippocampal memory aligns with the
selection space and the episodic detail is orthogonal, the semantic memory is consolidated into
cortex while episodic detail is forgotten.
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Memory stabilization through auto-associative dynamics

Some episodic memories last a lifetime and remain hippocampus-dependent throughout (Winocur
and Moscovitch, |2011). This retained hippocampus-dependence can be understood as an active
consolidation within the hippocampus.

A simple model variant for this phenomenon is obtained when hippocampal selection vectors are
paired with themselves as consolidation vectors (Fig. [2D, orange):

AHPC(—HPC — Z klle ) (1 0)

This describes the consolidation of a component of the hippocampal engram into itself over time
(Fig. [2E, orange), akin to auto-associative dynamics in RNNs (Hopfield, [1982). When the rate
of this "self-consolidation” is balanced with passive forgetting, this results in a stable memory
engram in the hippocampus (Fig. [2F, orange).

A stable hippocampal engram component does not preclude a parallel consolidation into cortex.
For example, a second selection vector n could consolidate a different component of the memory
into a cortical pattern m (Fig. [2E, F, pink). Thus, an engram can be separated into two parts: one
aligned with the stable space k that remains in hippocampus, and one aligned with the selection
space n that consolidates into cortex. Note that it is also possible to maintain hippocampal
dependence while also having a dynamic engram within hippocampus; in this case, the selection
and consolidation spaces would both be in hippocampus but would not be identical.

Stable memories despite unstable representations

While the neural representation of a memory changes with consolidation, the memory itself often
remains surprisingly stable. The model offers a geometric interpretation for this phenomenon.
The number of neurons in the brain is likely very large relative to the dimensionality of memory
semantics, i.e., the number of elemental items we can bind together in a memory. This implies
that the dimension of the memory readout z = A°e (Fig. ) is much smaller than that of the
engram e. As a consequence, many different engram patterns can produce the same readout.
The space in which we can change the engram pattern without affecting the readout is referred
to as the “output-null space” in the context of RNNs (Kaufman et al., 2014). For the readout to
remain stable despite a changing engram, the consolidation dynamics must occur in this output-
null space:
AM -t + Al =0.

Active consolidation and maintenance are mediated by the consolidation matrix A, and its effects
can be separated into two components, one in the output-potent and one in the output-null space:

A = Apotent + Anull ) (1 1)

The output-null component is irrelevant for the stability of the memory, because it is by definition
unable to change the memory response. Passive forgetting in the output-null space is also
inconsequential. The output-potent component APt that affects the readout can have two
effects. The beneficial effect is that it can counteract passive forgetting and thereby prolong
memory lifetimes. However, it can also change the memory response. Take a memory consisting
of an episodic and a semantic component that is stored in the hippocampus and decays over
time (Fig. [2D). If the hippocampal decay is in the potent space of the memory readout while the
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Figure 3: Power-law forgetting from homogeneous neuronal forgetting times. A. Schematic of sequential
consolidation with distributed pattern forgetting times. B. Pattern strengths for all patterns (blue, green, gray lines)
with geometrically distributed forgetting times. The readout (black line, sum of all pattern strengths) displays power-
law decay. C. Neural engram participation for a random subset of neurons, inset showing a zoomed-in version of the
same data. D. Histogram of pattern forgetting times (gray) and their cumulative density (dotted line). E. Histogram
of neuronal forgetting times (orange). Lines show the probability density function of a reciprocal normal distribution
fitted to the extracted neuronal forgetting times (orange) and computed analytically (black dashed).

dynamics of the semantic component remain in the null-space, the memory will transform from
a memory with episodic and semantic components into a purely semantic memory.

Power-law forgetting of distributed engrams

Theoretical work suggests that a central advantage of memory consolidation is the ability to
maintain memories for long periods of time (McClelland et al., |1995, Fusi, 2017). Previous
models have achieved slow forgetting, with memory decay following a power law, by sequentially
consolidating memories from areas or sets of synapses with short memory lifetimes to areas with
increasingly long memory lifetimes (Roxin and Fusi, 2013, Remme et al., 2021, Wixted, 2004).

With our model, we can attain similar gradual power-law forgetting in a system with largely ho-
mogeneous neural forgetting times, by harnessing the distributed pattern-centric view (Fig. [1F).
We endow the patterns p, that make up the engram e with a broad range of forgetting times
T,. The bulk of patterns rapidly decay, while a few persist for a long time (Fig. [3]A). Each pattern
consolidates to the next in sequence, then gradually decays (blue, green, grey lines, Fig. [3B).
With geometrically distributed forgetting times, these patterns together sum to an engram that
decays as a power law (black line, Fig. [3B), by the same mechanism as in earlier models (Fusi
et al., 2005, Remme et al., 2021).

Despite these patterns operating on time scales spanning several orders of magnitude, the neu-
ral population producing these patterns exhibit more homogeneous forgetting times (CV = 0.164).
Because the patterns are distributed, every neuron contributes to a large number of patterns,
such that—at least statistically—the engram participation of all neurons decays in the same way
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Figure 4: Hallmarks of representational drift. A. Stimulus tuning of S = 21 engrams at three different time points
To,T1,T5 (grid columns). Each grid row shows same data with neurons sorted by preferred stimulus at a different
time point. B. lllustration of model of sequential engram dynamics with geometrically distributed pattern forgetting
times, same as Fig.[38] C. Changes in single neuron tuning for selected neurons, showing stability, gradual drift,
abrupt remapping, gain and loss of stimulus-tuning. D. Left: Mean population vector correlation of all stimuli. Right:
Tuning curve correlations for individual neurons (gray) and their mean (blue).

(Fig. [3[C). While the pattern forgetting times are geometrically distributed (Fig. [3D), the effec-
tive neuronal forgetting times follow a reciprocal normal distribution (Fig. [3D,E; Supplementary
section [S3). This demonstrates that it is possible for a system to achieve power-law forgetting
without area- or neuron-specific learning rates.

Consolidation reproduces key hallmarks of representational drift

While the long-term dynamics of neural representations of memory are not yet well understood,
there is a growing body of work on how representations of task variables change over time (e.g.,
Ziv et al., 2013, Driscoll et al., 2017, Schoonover et al., 2021). This “representational drift” is
characterized by gradual ongoing changes in the relationship between neural activity and task
variables, such as position or head direction (Rule et al., 2020), without any accompanying
change in task performance. Whether this phenomenon is a directed process or the result of
stochastic changes remains unclear.

Our model of engram dynamics produces representational changes reflective of those seen in
representational drift. To illustrate this, we consider a set of task variables as the cues s,, in our
model. These task variables may be, for example, different visual stimuli or animal locations
in the environment. Each cue evokes the associated engram e, that is, a representation as a
neuronal population vector (Fig. [4A). In the model, these engrams are all consolidated indepen-
dently with the same consolidation matrix, each following a sequential trajectory through pattern
space (Fig. [4B). We again used geometrically distributed forgetting times, producing a slowly
decaying memory.
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Over the course of the consolidation, the responses of the neurons to the set of stimuli change,
producing changes in their stimulus tuning (Fig. 4[C). This is accompanied by a gradual change
in the population response, one of the main hallmarks of representational drift (Fig. [4/A). When
neurons are sorted according to their preferred stimulus at an initial time T, their responses
tile the stimulus space. At later times, this ordered representation fades, resulting in a gradual
decorrelation of the population vectors at each stimulus (Fig. 4D, left). Neuronal tuning curves
also decorrelate from their original tuning, albeit at variable rates (Fig. 4D, right), consistent with
neural data (e.g., [Rule et al., 2020, Geva et al., 2023, |Schoonover et al., [2021). Despite these
changes, a resorting of the neurons by their preferred stimulus at any time point reveals that
the neural responses continue to tile the stimulus space, though with different neurons playing
different roles (Fig. 4A). Hence, a deterministic model of engram dynamics can produce key
hallmarks of representational drift.

Representational geometry in subsampled populations

Earlier theoretical work treated representational drift as driven by stochastic fluctuations (e.g.,
Qin et al, 2023, [Delamare et al., [2024). In our model, it results from a deterministic consolida-
tion process. We will now show that this qualitative difference is, unfortunately, difficult to discern
in neural data due to subsampling effects: We can usually observe only a fraction of the rele-
vant neurons simultaneously, and engram components in the—typically very large—unobserved
neural population gradually consolidate into the observed population (Fig.[5)A), where they cause
unpredictable changes that cannot be distinguished from stochastic fluctuations.

To study the effects of this apparent stochasticity, we used a variant of the model in which both the
behavioral readout and the representational geometry are stable in the full population. Specifi-
cally, we confined the engram dynamics to the null-space of a predefined but arbitrary readout
variable (Fig. [5B) and restricted the dynamics to high-dimensional random rotations. We then
systematically varied the number of unobserved neurons while keeping the size of the observed
population and the speed of consolidation fixed (cf. Methods). We initialized engrams with ran-
dom stimulus tuning and recorded engram activities at evenly spaced time points that cover the
decorrelation timescale of the neuronal representation (Fig.[5C). We found that the decorrelation
timescales of both the population vector and the tuning curves are independent of the fraction of
observed neurons (Fig.[5D,E; Supplementary Fig.[S4.7), in line with an analytial derivation using
Green’s functions (Supplementary Section [S5).

In contrast, subsampling degrades a readout of task variables. To show this, we fit a linear de-
coder to read out the task variable from the observed component of the engrams during the first
half of the simulation and then used this decoder to predict the task variable from the observed
engrams over the second half of the simulation. Under full observation of the population, the de-
coder performance did not degrade over time because observing the full population guarantees
access to the stable readout dimension. However, under subsampling, the decoder performance
declines over time, with more rapid drops for smaller subsampling fractions (Fig.[5F; Supplemen-
tary Fig.[S4.1). Thus, subsampling obscures stable task representations that may be present in
the full population.

To determine the effect of partial observation on the stability of population geometry, we consid-
ered the representational similarity among different stimuli (Deitch et al., 2021) and edge angles
in representational space (Schoonover et al., 2021, [Sylte et al., 2025). We considered neural
representation with random stimulus tuning and with correlated tuning as, e.g., for place cells.
Representational similarity measures how similar pairs of stimuli are represented in the popula-
tion, while edge angle similarity measures the extent to which triplets of stimuli maintain their rel-
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population vector decorrelation time (see D,E) and split into 4 time points Ty, 13, T3, 75 with 15 recordings between
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ative arrangement. Because rotational dynamics preserve the representational geometry, both
quantities remain stable during consolidation when the full population is observed (Fig. BiG-J,
black lines). The stability of representational similarity under partial observation depends on
stimulus tuning. For random tuning, representational similarity becomes increasingly labile with
lower sampling fractions (Fig. [5G, left; cf. Schoonover et al| (2021)), while it remains relatively
stable for correlated stimulus tuning (Fig. B, left; cf. Deitch et al| (2021)). This is because for
random stimulus tuning, the representational similarity is determined by random correlations be-
tween the representations (Fig. [5G, right), which change under partial observation. However, for
correlated stimulus tuning, the representational similarity is predominantly determined by stimu-
lus correlation (Fig. [Bl, right), which is much less affected by partial observation. The stimulus
tuning also affects the stability of edge angles under partial observation. Independent of tuning,
they become increasingly dissimilar with decreasing sampling fraction (Fig [5H,J). However, for
correlated stimulus tuning, edge angle dissimilarity saturates at a lower level (Fig. [5H; cf. Sylte
et al.| (2025)) than for random stimulus tuning (Fig. [5J; cf. [Schoonover et al| (2021)).

Stochastic dynamics in subsampled populations

An obvious test of our model would be to fit it to longitudinal recordings, to uncover the underlying
consolidation dynamics. This approach suffers from two challenges. First, such a fit is prone
to overfitting. Even for the assumed linear dynamics, the number of data points per neuron
(number of stimuli x number of time points) should be at least as high as the number of free
parameters per neuron. In the linear consolidation model, there are as many parameters per
neuron as there are neurons. This is hard to achieve in longitudinal recordings. Second, even
with sufficient data, it will be difficult to predict the influence of the unobserved population on the
neural representation. To illustrate this, we fitted linear dynamical systems to simulated data,
ensuring sufficient data to constrain the fit. We then evaluated the fitted models on held out
stimuli, held out time points within the training data (inside distribution, ID) and observations
from a future time point (out-of-distribution (OOD); Fig. [5IC). As expected, the fits succeed in the
full population and generalize well (Fig. [5K). However, even with relatively minor subsampling,
the performance of the fit declined steeply, even on the training data. Hence, the influence of the
unobserved population introduces an unpredictable component, such that the dynamics appear
stochastic despite their deterministic origin.

DISCUSSION

In this work, we modeled memory consolidation as slow, reactivation-driven dynamics that reor-
ganizes brain-wide engram patterns over slow timescales of hours to years. By generalizing the
classical area-centered view of systems consolidation to a global population-level description,
we revealed how established recurrent network motifs can be reinterpreted as mechanisms of
long-term memory reorganization. Representational drift emerges as a natural corollary of this
global memory reorganization. Finally, subsampling—the observation of a small fraction of the
full population—can obscure directed consolidation dynamics, such that they appear random,
complicating the recovery of the system dynamics from neuronal recordings.

The suggested dynamical systems perspective on memory consolidation creates a bridge from
classical theories of consolidation, which primarily describe the time-course of hippocampal de-
pendency and differ in their postulates for episodic and semantic memories (Squire and Alvarez,
1995, Nadel and Moscovitch, (1997, Winocur et al., 2010), to contemporary views of global mem-
ory organization (Moscovitch and Gilboa, [2022). The area-centered view is captured as a spe-

13

318

319

320

321

322

323

324

325

326

327

328

329

330

331

332

333

334

335

336

337

338

339

340

341

342

344

345

346

347


https://doi.org/10.64898/2026.03.09.710554
http://creativecommons.org/licenses/by/4.0/

bioRxiv preprint doi: https://doi.org/10.64898/2026.03.09.710554; this version posted April 8, 2026. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is
made available under aCC-BY 4.0 International license.

cial case of a general brain-wide description of memory reorganization. A sustained or fading
hippocampal dependency is described by the geometric alignment of memories with the con-
solidation process, represented by the consolidation matrix A: Depending on how an engram
aligns with this matrix, it is passively forgotten, actively maintained within the hippocampus, or
consolidated into the neocortex. The modeling framework does not provide a natural distinction
between episodic and semantic memory and therefore cannot speak to their differential consoli-
dation. However, it can readily describe a selective and partial consolidation such that memories
could be stripped of their episodic vividness, rendering them increasingly semantic in nature.

Mechanistic interpretation & assumptions

The suggested model abstracts away mechanistic details at the cellular and circuit levels and
instead focuses on the phenomenological evolution of memory traces. It distinguishes between
active consolidation and passive decay, treating both as deterministic drivers of engram evolu-
tion. The decay term represents the aggregate effect of stochastic, destructive processes, such
as interference from newly stored memories (Robertson, 2012), spontaneous synaptic turnover
(Ziv and Brenner, 2018), and neurogenesis (Golbabaei et al., 2025). We note that this formu-
lation captures physical trace erosion rather than forgetting due to transient retrieval failure (de
Snoo and Frankland, 2025).

The active consolidation component represents the systematic drive from processes such as
circuit-level engram transfer (McClelland et al., 1995, Remme et al., 2021} Bhasin et al., 2024),
synaptic plasticity (Lee et al., 2023), assembly formation (Tome et al., 2024, |Golbabaei et al.,
2025), and synaptic consolidation (Fusi et al., 2005, Benna and Fusi, 2016), all of which dictate
how a memory trace reorganizes over time. The effect of these mechanisms is phenomenologi-
cally summarized in the consolidation matrix A, so we assumed fixed, linear engram dynamics.
This linearity limits the model, because all memories undergo the same dynamics and different
aspects of a memory cannot interact nonlinearly. Biological consolidation, however, is adaptive
and nonlinear. Experience can reshape the consolidation dynamics themselves in a process
known as schema formation (Tse et al., [2007) or meta-learning (Wang et al., 2018, Zhou and
Schapiro, |2025). Similarly, the consolidation dynamics often depend on the consolidation con-
text, such as internal states (Chouhan et al., 2020), or the systematic interaction with other
memories (McClelland et al., (1995, [Schlichting et al., [2015). Our linear framework thus rep-
resents a first-order approximation: it captures how memories evolve in a given consolidation
context when the underlying consolidation rules are held constant. Generalization to nonlinear
dynamics is beyond the scope of the present work.

The assumption that the consolidation of an engram depends on the engram itself amounts to
assuming that consolidation is driven by reactivation, because information about the shape of
the engram is assumed to be present at the time of consolidation. We remain agnostic as to
the type of reactivation involved. In particular, we do not distinguish between replay during sleep
(Diekelmann and Born, 2010), wakeful rest (Wamsley, 2022), and the re-experience of a known
learning paradigm (Himmer et al., 2019), even though they might contribute differentially to con-
solidation. Finally, the model treats reactivation merely as a driver of memory reorganization
and ignores a potential re-encoding of memory traces during re-experience (Nadel and Moscov-
itch, [1997), systems reconsolidation (Debiec et al., 2002), or direct interactions between distinct
memory traces beyond passive interference (Schlichting et al., 2015).
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Representational drift as a correlate of consolidation

In our model, the same consolidation dynamics that reorganize memory engrams across the
brain over years also produce representational drift in local population codes over days. In
this view, representational drift is not merely a passive degradation of neural codes that needs
compensation (Rule et al., 2020, [Kalle Kossio et al., 2021) but a signature of distributed systems
consolidation. The model hence unifies the two phenomena by treating the stimulus-behavior
mappings in drift studies as cue-response associations that undergo consolidation.

In our model, systems consolidation is deterministic and directed, implying that the associated
drift is also directed. Existing models for drift tend to drive it with a stochastic component, at-
tributed to random synaptic updates (Qin et al., 2023, |Ratzon et al., 2024, Morales et al., 2024,
Eppler et al., 2026), interference from ongoing learning (Devalle et al., 2025), or fluctuations in
intrinsic excitability (Delamare et al., 2024, Haimerl and Machens, 2025). In our framework, on
the other hand, these same stochastic mechanisms are captured as a passive decay of the en-
gram and do not drive the drift dynamics. Most existing models include an additional directed
component in the drift dynamics, e.g. by constraining the random dynamics to a solution mani-
fold (Ratzon et al., 2024, Natrajan and Fitzgerald, |2024), balancing it with plasticity (Qin et al.,
2023, |Devalle et al., [2025 Morales et al., 2024, |Eppler et al., 2026), or by deriving from it a
directed area-to-area consolidation component (Kossio and Memmesheimer, 2025). Our model
illustrates that a directed component alone—systems consolidation—is sufficient to generate the
complex phenomenology of representational drift.

The apparent randomness of drift observed in experiments can be reconciled with deterministic
dynamics by accounting for limited observability. When a high-dimensional, deterministic consol-
idation process is observed through the lens of a small subset of recorded neurons, the resulting
dynamics appear dominated by noise and lose the structure and predictability present in the full
population. This suggests that random components of drift reported in experimental recordings
(Rule et al., 2020, Schoonover et al., [2021) may be the result of limited observability rather than
a fundamental property of the neural code.

The model predicts that drift dynamics are deterministic and hence predictable. Unfortunately,
the experimental test of this prediction requires overcoming the subsampling barrier (Wilting and
Priesemann, 2018, Levina et al., 2022, Qian et al., [2024) to characterize the full consolidation
dynamics. For large neural systems such as mammalian brains, this is challenging because
longitudinal recordings only observe a fraction of the full brain over a limited time window. Given
such limited data, a linear fit of the representational dynamics is prone to overfitting, and even
a failure to fit would be a poor falsification of the model, because it may merely be the result of
subsampling. However, we expect that fitting may be possible even in large memory systems
if the dimension of the neural subspace covered by the relevant engrams over time is small or
comparable to the number of recorded neurons. In this case, the unobserved part of the engram
does not contain additional information, and the fitting should succeed.

A test of the model could also be within reach for smaller model systems. For example, in
the Drosophila mushroom body, a small number of mushroom body output neurons represent
odor-reward associations (Owald and Waddell, 2015), and their involvement changes through
consolidation (Cervantes-Sandoval et al., [2013). While recording the full population of these
neurons simultaneously is not currently possible in Drosophila, this or other model systems may,
in the future, offer the required access to study whether memory consolidation, engram dynamics
and representational drift are different sides of the same coin.
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METHODS

All simulations used forward Euler integration with time step At = 0.001 for Figs. [1][2l{4]5] and
At = 0.1 for Fig. 3] Figs.[1H3] were simulated in pattern space (Eq.[7), where the i-th pattern p;
was chosen as the i-th standard basis vector in P dimensions, i.e. with components (p;); = d;,
where ¢ is the Kronecker-Delta. Figs. 4 and [5|were simulated in neural space (Eq. [1).

Systems consolidation as sequential dynamics. For Fig.[1|and [2] forgetting times were the

same for all patterns 7; = 1Vi € {0,--- , P—1}. For Fig.[1]we simulated P = 2 patterns, initialized
the engram with the first pattern €(0) = p, and used consolidation matrix

~ 0 0

A-(00). 12)

For Fig. [2, we simulated P = 4 patterns (po, p: in hippocampus and ps, p; in cortex), initialized

the engram with both hippocampal patterns active €(0) = p, + p;. The consolidation matrix was
AHpcehpc 00

A= 00 (13)
ACTX«<HPC 00
00

For the selective hippocampus-to-cortex consolidation, the first hippocampal pattern was con-
solidated via selection vector n = p, and projected into the first cortical pattern via m = p,, such
that

0 0

For the decaying second hippocampal component, we set AHPC+HPC — o For the stable second
hippocampal component, we set k = p;, such that

AHPCHPC _ 1 T _ (8 (1)) ‘ (15)

ACTXeHPC _ T (1 0) _ (14)

Power-law forgetting from homogeneous neuronal forgetting times. For Fig. [3| we sim-
ulated P = 500 patterns with geometrically distributed forgetting times 7, = 7,8* for a €
{0,...,P -1}, with 75 = 1, 8 = (Tmax/70) ™Y, and 7. = 10000. Consolidation was imple-
mented as sequential pattern-to-pattern transfer via an off-diagonal pattern consolidation matrix
A= %Z.*léi,jﬂ. The readout was computed as a sum of all pattern strengths via readout vector
Aot = (1,1,...,1)". Neural engram pattern entries (p:); for neuron j in pattern ¢ were sampled
from a standard normal distribution in RY where N = 1000 was the number of neurons. Each
pattern p; was then normalized to have length ||p;|| = +/N/ P, such that the entries in the engram
participation vector e where independent of the number of patterns P and number of neurons
N. The pattern space dynamics were transformed to neural space via e(t) = Pw(t), where
P ¢ RY*F was the matrix of neural engram patterns and w the vector of pattern strengths. The
effective time constants of individual neurons were extracted from the diagonal entries of the
neural consolidation matrix A = P(—t ' + A)PT, giving r; = —1/A,; for each neuron i.

The theoretical distribution of neural time constants was computed as the reciprocal normal
distribution

1 (% - <%>>2
PDF(7;) = exp | ——5—1, 7. >0, (16)
72, [2nVar [Ti] 2Var [ﬂ
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with

(17)

and a = 1. For analytical derivations, see Supplementary Section [S3]

Representational drift simulations. For Fig. 4 and 5| we simulated engram dynamics for
S = 21 stimulus-evoked engrams. Simulations were run for a burn-in period ty,, after which
recording time began as ¢ = 0 and ran until ¢t = t5,. Population vectors were recorded at
k evenly spaced time points tg,t1,...,t._1 within the total simulation time. We defined time
points Ty, T, T as recording indices to, t15, t30, respectively. For Fig. 5| we defined an additional
time point 73 as recording index t45. Simulation times were chosen such that population vector
correlation dropped to approximately zero from T, to 75 (Fig. : tsim = 30 with k£ = 31 in [Ty, T3];
Fig. : tsm = 3 with k£ = 46 in [T;, T3]). Population-vector and tuning-curve correlations were
computed as Pearson correlations relative to ¢.

Hallmarks of representational drift. For Fig. |4, engrams were initialized with mixed Gaussian
tuning by tiling the stimulus space with Gaussian tuning curves (¢ = 2.1) and applying a random
orthogonal mixing across neurons. The temporal evolution of each engram was independently
simulated using the same sequential pattern-to-pattern dynamics with geometric time-constant
distribution as for Fig. [3, but with N = 500 neurons, P = 500 patterns, and 7., = 15. We
simulated t,,, = 10 time units of burn-in before recording population vectors. We processed the
simulated activity traces by rectifying negative values to zero. This corresponds to simulating
sub-threshold neuronal activity that is only observable when it crosses the spiking threshold
(Mainali et al., [2025). For visualization of single neuron tuning curves (Fig. [4IC), we normalized
each neuron’s activity across stimuli and time to [0, 1]. Activities in Fig. 4/A were not normalized.

Figure 5: Subsampling, decoding, and fits of the dynamics. Engrams with random stim-
ulus tuning were initialized with normally distributed engram participation entries, sampled from
N(0,1). Engrams with correlated stimulus tuning were initialized using the mixed Gaussian tun-
ing used for Fig. [4| (with o = 2.1). Stable rotational dynamics were constructed by sampling a
random matrix G with entries A/(0, 1/Nneurons), forming an antisymmetric generator A, = G — G,
We then set the first dimension of A, to zero and defined the readout matrix A" to read out
from this dimension, such that the dynamics lie in the nullspace of the readout. Finally, we mixed
this dimension across neurons by conjugating both matrices by a random orthogonal matrix O
to get A = OA,OT and A°™ = OAJ". We fixed the number of observed neurons at N, = 100
and varied the sampling fraction f € {0.02,0.1,0.2,0.4,0.8,1.0} by simulating larger networks
with Nyos = [Nons/f] and randomly selecting N, neurons for analysis. All results were aver-
aged across 10 independent neuronal samples from the same full population. Each simulation
consisted of ¢ty = 5 of burn-in time, followed by ¢, = 3 simulation time sampled at 46 time
points. We defined time points Ty, 11, T, T5 as recording indices t, t15, t3o, ts5, respectively. De-
coding used ordinary least squares to predict z,(t;) from the observed activity e, (), training
on all stimuli and the first £ = 16 time points (in [0, 7}], i.e. trained on S x k = 21 x 16 = 336
samples) and reporting R? across time in [T}, T3] (normalized such that a model always pre-
dicting the average of the data gives R? = 0; default from sklearn.metrics.r2_score). Rep-
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resentational similarity matrices were computed as cosine similarity between engram vectors
across neurons at 7y, 71, T, and compared by correlating their vectorized upper triangles (Deitch
et al., 2021). Population geometry was quantified by edge-angle matrices (Schoonover et al.,
2021, |Sylte et al., 2025) summarized by the Frobenius norm || M(t;) — M(to)||r, Where M(t) is
as x(S—2)(S—1)/2dimensional matrix with all edge angles connecting to a single engram
vector per matrix row. Edge angle matrices were normalized by a shuffle baseline obtained
by permuting engram labels (edge angle matrix rows) at 7. To fit dynamics from subsampled
data we used ordinary least squares regression without intercept to learn a one-step increment
model Ae,,(t;) = e, (tk+1) —eu(tx) frome,(t) (training on all consecutive transitions in the training
window) and report training R?, 5-fold cross-validated R* across held-out stimuli, leave-one-out
cross-validated R? across held-out time transitions within the training window, a control baseline
predicting Ae, = 0, and an extrapolation score on a future out-of-distribution (OOD) transition
ending at 73,. Fits were performed on the random stimulus tuning simulations using 46 record-
ings, but with 500 simulated engrams to make sure all fits were constrained by sufficient data.
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SUPPLEMENTARY MATERIAL

S1 Model derivation

The suggested model of memory consolidation describes the change in engrams over time as a
linear dynamical system. This section gives a detailed derivation of this model.

In our model, each of a set of M cues or stimuli s, (v € {1,...,M}) is associated with a
corresponding memory engram e, describing the participation of a population of N neurons.
Each engram e, is given as an N-dimensional vector e, = (€b>€i"-'>efy)T with elements

el,, (1 € {1,..., N}) giving the participation of each neuron in the population.

Assumption 1: Reactivations drive dynamics

First, we assume that changes in engrams are a function of the engrams themselves. This
assumption is based on the findings that the disruption of replay during sleep impairs memory
consolidation (Girardeau et al., 2009) and cue reactivation strengthens memories (Rasch et al.,
2007), suggesting memory reactivation drives changes in the engram. This can be described by

d
&eu = F(eﬂzl,euzg,...,e#:M), (18)

where F'is a function of all reactivated memory engrams. This formulation represents the case
in which engrams may be influenced by the reactivation of all other engrams; that is, reactivation
of a given memory can influence engrams of not only that memory but also all other memories.

Assumption 2: Non-interference of engrams

We next impose the constraint that the dynamics of a given engram e, are influenced only by the
reactivation of the engram itself and not by any of the other engrams represented in the system.
This assumption decouples the dynamics of the engrams, as

%eu = F(e,). (19)

This allows us to consider the dynamics of each engram independent of all other engrams in the
system.

Assumption 3: Decomposition into forgetting and consolidation terms

Changes in the engram involve both the redistribution of neural participation among the popula-
tion and gradual decay due to forgetting or interference with newly encoded memories. We here
assume that these two components can be treated as separate terms in F', as

d

&eu = —T_leu + Gle,), (20)

where t = diag(7, 7, ..., 7y) is @ diagonal matrix of forgetting times for each of the N neurons
and G is a function describing the redistribution of the engram.
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Assumption 4: Linearity
As a first approximation, we assume G takes a linear form:

%eu =—-1'e, + Ae,. (21)

We also assume linearity in reading the memory out from the system:

z, = H(e,) = A%e,,. (22)

Although this assumption of linear G and H is quite strong, this first-order approximation provides
a geometric perspective on engram dynamics that yields valuable insights into the system.

S2 Transforming between neural space and pattern space

Our model describes engram dynamics as a sequential reconfiguration of the engram from pat-
tern to pattern. In the classical view of hippocampus-to-cortex consolidation, these patterns pg
and p; are each confined to a single brain region (Egs. 4 and[5):

pHPC 0
e(t=0)=po=< 0 ); P1=Ap0=<pCTX>- (23)

Here, py is the initial engram pattern, located entirely within the hippocampus, and p; is the
engram pattern that emerges in cortex during consolidation. In this formulation, neurons are tied
to a single area-specific pattern, and the neural dynamics are thus explicitly tied to the pattern
dynamics.

We release this constraint by viewing consolidation as a distributed process, whereby engrams
traverse a trajectory in the space of patterns p, € R not confined to specific brain regions or
populations of neurons. This distributed view also means that a single neuron may participate,
to varying degrees, in multiple patterns. The engram is then given by (Eq. [6):

e(t) = > wa(t) pa = Pw(t), (24)

where w,(t) are the time-varying pattern strengths linking the engram to the patterns p, and
P ¢ RY*F is the pattern matrix consisting of all possible patterns.

We can then describe the engram dynamics in this pattern-centric coordinate system by focusing
on the dynamics of the pattern strengths w (Eq. [7):

d ——1 ~
W= — A 2
v T W+ Aw, (25)

where the time constants T = diag(7,...,7p—1) and consolidation matrix A are described in
pattern space rather than neural space.

We can transform these pattern dynamics back to neural space with a suitable transformation of
the consolidation matrix. The dynamics in neural space are given by
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d @, d
—e2PpP—
a’ A
P(—’”i'_1 +A) w
- 26
=P(—1t '+ APT e (26)
7}90
-1t le + Ae,

where PT is the pseudoinverse of P. We interpret the diagonal entries of the matrix A™° as
inverse time constants T~! and the non-diagonal entries as the consolidation matrix A in neural
space.

To keep the readout the same when moving between neural and pattern spaces, we must also
transform the readout matrix:

z = A%e
— AoutPW
_ AOUtW,

From this, the readout At from the pattern strengths and that A°“t from the engram are related
as Aot — Aoutp,

S3 Mathematical derivation of power-law forgetting with homogeneous
neuronal dynamics

Power law forgetting is achieved by a consolidation matrix that represents a feedforward chain of
P patterns with geometrically distributed pattern forgetting times:

1 cee e 0
70
a _ 1
B T1 T1
T+ A= a 1 e RPXP (27)
T2 T2
0
0 0 _a _ 1
TP—1 TP—1

where we scaled the feedforward coupling between the patterns with the inverse forgetting times
to avoid uncontrolled growth of the pattern strengths for later patterns. For geometrically dis-
tributed pattern forgetting times, we choose

To =108% for a=0,...,P—1, (28)

with a time scale 7, and a factor 5 > 1 that controls the rate at which the forgetting times increase
with the pattern number a.

To find the effective timescales of the dynamics of individual neurons, we transform the dynamics
in pattern space back into neural space (Eq. and analyze the diagonal entries

A =P(—7 '+ A)Pt. (29)

In the limit of large N > P and for random patterns, P becomes semi-orthogonal and left-
invertible, turning the pseudoinverse in Eq. [29]into a transpose.
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To find the neuronal forgetting times 7, from Eq. [1| we extract the diagonal entries of the recur-
rent dynamics in neural space A'™° and interpret them as the effective reciprocal neuronal time
constants = - for each neuron i

l = _Afec
7_7[ (i3
_ A1 A T
- [P( T+ AP (30)
P-1 P-1
Pia 2
= ( N S _ gP aPia—1)
a=0 Ta a=1 Ta

Due to the central limit theorem, the inverse neuronal forgetting times < are approximately nor-
mally distributed for a sufficiently large pattern number P. Their expectation value and variance
depend on the statistics of the pattern vector entries P;, which we assume to be independent,
Gaussian random variables with zero mean and finite variance, i.e.

(Pi) =0

31
Var [P;,] = (P;,) = 0p < cc. (31)

To compute the mean and variance of the inverse neuronal forgetting times, we need to compute
the mean and variance of the two pattern-dependent terms in Eq. [30]

(Pi)y= op (Eq
Var [Pfa] = 20p (for Gaussian patterns) (32)
<PiaPi(a—1)> = 0 (independent patterns)
Var [P;oP;n—1)] = op (independent patterns).

The mean of the inverse neuronal forgetting time is then given by:

()-ErepEren

a=0 Ta -0
i - (33)
P—-1
1
= 0—12) ~
a=0 Ta
and its variance is:
P-1 1 P—-1 1
2 2
Var [Tj — Z% %_3Var [P.]+a > TC%Var [PiaPia-1)]
P P (34)
4 1 2 4 1
= 20p — T aop =
a=0 ¢ a=1 ¢

To keep the scale of the neuronal representation/engrams independent of the number of pat-
terns, the patterns must be normalized by the square root of their number. In the simulations,

we chose 1
Var [P,] = op = iR (35)
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Inserting this into the expressions for the mean and the variance of the inverse neuronal time

constants yields:
P
(By-1% 1,
Ti o0
2 P-1

;
O ) SERES St

a=0 ¢ a=1 ¢

(36)

Because the forgetting times of the patterns are geometrically distributed (Eq. [28), these sums
are geometric series and can be solved analytically:

<1> 1]32‘:11 1 Piﬁ‘a 1 1-87 1 1
—‘ — — _— = — fr — = =~ — 1
T; P i Ta ToP —~ TP 1—-p T P1—-p (37)

1 2 1—p72%F a> 1—p2FP-D a? 1 1
Var |—| = = + = R 2+ 55T
Ti oP? 1—-p72 TP 1-p572 p*) P11 =572

where the approximations become accurate for a large pattern number P.

Based on these expressions, we can compute the coefficient of variation of the inverse time
constants as a measure of relative variability:

v ()
%\/( 52)1 r

For the parameter choices in the model (a = 1, P = 500, 3 = 10000/ (*~1), this yields a CV of
approximately 0.165. The inverse neuronal time constants are therefore relatively homogeneous.
The same is true for the time constants themselves, although in a strict sense, the mean and
variance of the inverse of a Gaussian variable do not exist.

(38)

The neuronal forgetting times 7; are the reciprocal of the normally distributed variable 1/7;, and
thus follow a reciprocal normal distribution with probability density function

PDF(r;) = ! ﬂ 7>0. (39)
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S4 Effects of subsampling for correlated stimulus tuning

Population vector Tuning curve Readout
correlation correlation decoding
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Figure S4.1: For correlated stimulus tuning (same simulations as shown in Fig.,J), the results on population vector
correlation, tuning curve correlation and readout decoding are qualitatively similar to those for random stimulus

tuning (Fig. [BD-F).

S5 Mathematical derivation of apparent stochasticity under subsampling

To characterize the effect of unrecorded neuronal activity on the recorded engram dynamic, we
model the two corresponding neural populations as interacting physical systems: a measured
subsystem coupled to a bath. For analytical tractability we restrict our calculations to the case of
rotational consolidation dynamics and exclude the forgetting component.

Using Green’s function formalism we calculate measurable properties of the engram dynamics,
such as the cosine similarity between one engram at two moments in time, an analogous to a
time-autocorrelation function. We quantify the contributions from the coupling with the bath us-
ing self-energy calculations and we derive the explicit dependence on the sampling fraction (the
fraction of neurons that are observed). We derive an exact solution for the time-autocorrelation
in the case of Gaussian random hamiltonians in the thermodynamic limit. We show that the cou-
pling with the bath causes a decay in the time-autocorrelation of rotation eigenstates, indicating
that the unobserved population effectively acts as noise on the observed subspace. Analytical
results are compared with numerical simulations that show a qualitative agreement already in
systems with N = 103 neurons.

These calculation indicate that, even with a deterministic model, engram dynamics might appear
stochastic if observed on a subset of neurons.

Full engram dynamics

The full dynamics for an engram e is given by

d

ge = Ae
To generate rotations, the N x N consolidation matrix A must be taken anti-symmetric: A;; =
—A ;. Multiplying the equation above by the imaginary unit ¢, one obtains an analogous of the

Schradinger equation, with the Hermitian Hamiltonian H = iA:
d
zae(t) = He(t) (40)

Let E; be the eigenvalues of the Hamiltonian| and v, its eigenvectors , which form a basis for
the space of engrams: e = ZZ-N:l e;v,;. The solution to the engram dynamical model Eq. takes

'The anti-symmetric structure of H implies that for each eigenvalue E; € R, there is one of opposite sign —E;.
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a simple form in this basis:

N N N
e(t) = U(t,to)e(to) = e M%) Z ei(to)h; = Z ei(ty)e ™ Fil 1)y, — Z ei(t)y;
i=1 i=1 i=1

We introduced the time-evolution operator U(t,t,) = exp[—iH(t — ty)]. The dynamics for an
eigenstate 1, of the consolidation Hamiltonian is given by a rotation with frequency QE—ﬂ

P,(t) = e F0 (1)

One common mathematical tool to study interacting systems are Green’s functions. We define
the Green’s function operator G(t, t) as the solution to the following equation:

d
(ZE - H) G(t,to) = 6(t —to) . (41)
Green’s functions are generally not unique. The one of our specific interest is called retarded
Green’s function, which connects two points in time that are causally related (¢t > /). In the
temporal and the Fourier domain, it reads

G(t—t) = —if(t —t')U({t —t") (42)
G(w) = limn w — H + ie] (43)

The matrix elements for one eigenstate ), are

Gi(t—t) =elG(t —t)e; = —if(t — t')e F5l=1) (44)

Gi(w) = elG(w)e; = lim —————— (45)

J

The Green’s function for a generic engram (in time or frequency domain) is
Ge, = €lGe, =Y ele;plGryy =D e G (46)
i %

Green’s functions are tightly related to temporal correlations: the cosine similarity S., between
e, and itself at later time ¢ > 0 is given by

Se, (1) == eL e,(t) = eLU(t)eM = ieLG(t)e# (47)
= 1Ge, (1) . (48)

For real engrams, the cosine similarity is a real number, and it can be expressed in terms of the
spectral function S, (w) via Fourier transform:

F [Seu (t)] =S, (w) o< Im [Ge“(w)] ) (49)

Gaussian random Hamiltonians

We now consider Hamiltonians H = (A to be Gaussian random N x N matrices, with purely
imaginary elements H;; = ¢A,;. Above-diagonal entries A,_; are independent random variables
with identical normal distribution N (0, o). Below-diagonal elements, instead, are fixed by anti-
symmetry: A;; = —A ;. To properly scale the transformation generated by the Hamiltonian with
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the number of neurons N, we set oy = I In the continuum limit (N — o), the distribution of
the eigenvalues E; converges to the semicircular distribution (Fig. [S5.TA)

2

T TR?

pu(E) VRE - E?, (50)

defined inthe interval |E| < R = 20V N = 20,. For each Gaussian random Hamiltonian, we can
apply the results of Equations [44]and [45/to compute the Green’s function of an H-eigenstate v,
with eigenvalue E;. As before, the time-autocorrelation will oscillate in time with frequency £,
without decaying.

In general, we might assume an engram to be a random superposition of eigenstates of the
rotational consolidation matrix:
€, = Z Ci’(/)i )

1

with ¢; randomly sampled from a distribution with zero mean, and standard deviation 0. = 1/v/N.
Its average Green’s function is given by

1
w—FE; +1ie

Glep(w) = (el Gwew) = > (leil)
1 1 1
_ 2 - NN _ -
_UC;w—Ei—l—ie N;w—Ei—i-ie
For large NV we use the continuous approximation:

pr(E)
G<e#>((.U) ~ /dEm

This integral corresponds to the Stieltjes transformation of the semicircle law. It can be solved
performing a geometric series expansion of py(E), and interchanging summation and integra-
tion. Alternative solutions make use of analytical continuation and contour integration. We refer
toJiang (2021) and to Bai and Silverstein| (2010) for detailed calculations. Instead, we report here
an intuitive derivation of the result. Multiplying both numerator and denominator by (w — E + i¢),
we obtain
Gloy(w) = /dEi (E) +i /dE; (E)
{eu) (w—E)?+ 2PH (w—E)?+ 2Pt

We recall one definition for the Dirac-6 in terms of Lorentzian distributions: lim,_,o+ m =
md(z — z9). The imaginary part of the integral, which relates to the spectral function S(w), is
therefore given by the density of eigenvalues:

S(w) = lim llm [Gle,y(W)] = pr(w)

e—0t T

We can therefore reconstruct the autocorrelation function for a random state e,, by inverse Fourier
transform of the semicircle law:

R o
St—t)=F L SW)]=F " [puw)] = % /R dopr(w)e==00) = 2% (51)

Here, J,(z) is a Bessel function of the first kind of order 1. The autocorrelation S(t) presents a
decaying oscillation (Figure(S5.1). For large t, the decay is described by a power law S(t) ~ t~3/2,
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Figure S5.1: Dynamics in the fully-observed system. (A)The distribution of the eigenvalues for Gaussian
random matrix H with size N = 1000 and entries standard deviation oy = 0o/v'N = 1/v/N. The red line
corresponds to the semicircle law Eq/50] (B) Time-autocorrelation: eigenstate of the rotation hamiltonian
(blue line) and average autocorrelation of 50 independent random states (black line). The orange lines
corresponds to the analytical expressions in Eq. E]and Eq. @

Although the dynamics is deterministic and purely rotational, the autocorrelation of a generic
(random) state decays in time. A generic engram evolves in time becoming, on average, uncor-
related to its initial representation, as shown in Fig. [4D. This result might appear counterintuitive
when picturing rotations in low dimensional spaces. However, rotations in high-dimensions can
be expressed as a composition of several independent planar rotations with incommensurate
frequencies (the eigenvalues +F;). This random superposition of independently-rotating modes
(the eigenstates ;) generates a complex trajectory, in which the engram takes a long time (infi-
nite, in the limit of N — oo) to return to its initial state.

The problem of subsampling

The goal of this section is to compute the effect of subsampling, that is, how the rotational
dynamics is changed when only a subspace of the total engram space is observed (for instance,
measuring a fraction of the total number of neurons). We model the observed and unobserved
subspaces as two coupled physical systems. We referred to the former as the "observed” or
"sampled” system, and to the latter as a "bath” (in analogy to the physics of open systems). The
full Hamiltonian H is rewritten as a composition of the following blocks:

H, V
H= (Vi)
Here, H, and H, are the Hamiltonians of the observed subsystem and the bath, with dimensions

N, and N, respectively. The interaction between the two systems is described by V (a N, x N,
matrix).

We initially apply the Green’s function formalism to the sampled subsystem when the interaction
V = 0 is momentarily switched off. In this case, the observed dynamics is rotational and purely
governed by H,. This Hamiltonian is Hermitian and it can be diagonalized:

H, = U;'H,U,,
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where H, is diagonal. Similarly, the dynamics in the bath (the unobserved subspace) is uniquely
described by the hamiltonian H, = U, 'H,U,. Given an eigenstate 1); of the sampled subspace
with eigenvalue E?, we can use the results of the previous sections to define its respective
Green’s function: .

Gso — TG = lim—————

i (W)Ret ’lpz (W)’l,bl 61_{% W — Ezs 1 e

We denote G* (w) with a superscript sy to indicate the absence of coupling (V = 0). In case of
Gaussian random matrices, the autocorrelation of a random state is given by Eq. 51| with the
density of states of the subsystem p,(w).

We now switch on the interaction V and compute the full Green’s function G*(w), in terms of
G*°(w) and a correction X (w), referred to as self-energy. This correction accounts for the cou-
pling with the unobserved neurons, the activity of which affects the dynamics in the observed
subspace. The Green’s function in the absence of coupling and the corrected one are commonly
referred to as free and interacting (or full) propagators.

Self-energy formalism

To compute the full propagator G* we start with the definition of the Green’s function operator in
Fourier space: .
Gw) =[w-— H]_1

We use the structure of our system to rewrite the relation above as

w-H, -V G* Gy (1 0
-Vt w-H,J\G, G/ \0 1

We extract a system of two equations for G*:

(w—H,)G* - VG| =1
{—VTGS +(w-H)Gl, =0 (52)
which has the solution
G'w) = [w—H,—~ V(w—H) 'VI] " = [(G*)" = B(w)] " = (Aw))". (53)

The term X(w) is commonly named self-energy and it describes the correction to the free prop-
agator G*(w), due to the coupling with the bath. This expression leads to a self-consistent
relation for G*(w), known as the Dyson equation:

Gi(w) = G*(w) + G*(w)X(w)G*(w) . (54)

We can express Eq. [53|in the diagonal representation, diagonalizing both the Hamiltonian of the
observed subsystem and the Hamiltonian of the bath:

Aw) = (G0)! — B(w) = U? ((250)_1 U, - VU;! (w - ﬂb> vt (55)

_u {(cso)‘l Y (w-h) vﬂ U, (56)
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where we defined V = U,VU,;'. We compute now the explicit expression for the matrix ele-
ments of A(w) in the diagonal representation: A(w) = U,AU;!. The diagonal elements read:

Aulw) = (60) Z Vij(w = )V, (57)
—w—F — Z Vi Viw—EH™ (58)
—w— B _Z ‘Vij (w—EY! (59)
j
Similarly, the off-diagonal elements are given by
=) ViViw—E)™ (60)
j

The full Green’s function operator is given by the inverse of the matrix A, which is generally
non-diagonal. In the next section we focus on the case of Gaussian random matrix, for which
this result can be simplified.

Self-energy for Gaussian random matrices

We are interested now in the case of the full Hamiltonian H being a Gaussian random matrix, with
independent entries that are normally distributed: H;; ~ N(0, ) The results of the previous

section can be simplified by an ensemble average of the matrlx elements of V (assuming a
self-averaging in this large neuronal system):

~ ~ 2
j
Ri(w) = D (Vi Vi) (w— B (62)
j
The two averages read
~ 2
<‘Vz‘j > B Z (V) (Ul [(U )" (63)
0'
—;D m|2\ (64)
2
= % (65)
N7 \7* O-g -
<V1]ij> = N U, zl 5 lk Z Ub km mi (66)
l
2
_ 05—
= Né““ 0 (67)
where we used the orthogonality of U and U,. The elements of the matrix A(w) read:
~ 2
Ai(w) ~w— EF — % S w— BN (68)
j
A (w) = 0 (69)
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We can recover the full Green’s function for an eigenstate +; of the observed subsystem from
the diagonal components of G;:
—1

Ny
Giw) = W1 = (Rulw)) |~ [ = B2 e — B3 (- B (70)
j=1

The self-energy for Gaussian random matrices is given by the sum of contributions from all the
modes of the bath +%, which energy is E':

2 M

Y(w) =~ %Z 1 (71)

— b
ij

Jj=1

Thermodynamic limit We now focus on the case for large number of dimensions N, which
can be studied in the continuum approximation where N — oo. In this setting, the result of
the previous section becomes exact. Because the system is split into two parts (N = N, + N,)
one can make different continuum approximations by taking different continuous limits in the two
subspaces. Whether one sends to infinity N, or N, or both - and if both, at what relative speed -
determines different thermodynamic limits. In our model, we are concerned with the problem of
observing only a fraction of the total number of neurons and how the observed dynamics depend
on this fraction. It is therefore natural to consider the thermodynamic limit in which the fraction is
preserved. This is obtained by sending the size of both the sampled subsystem and the bath to
infinity, while keeping their fraction fixed:

N, — oo
li]rcn =9 Ny, - o0 (72)
f=%  constant

In the absence of coupling, the distribution of eigenvalues in the sampled subsystem and in the
bath are described by semicircle laws:

2

pu(E) = — /R = F? (73)

_ 2 2 2
po(E) = 2V Ry —F (74)

for |E| < R,,,. The radii of the two semicircles are given by

Ry = 201/ N, = 200 % = 200\/f (75)

Rb:2O'H\/Nb:20'0H%:20'0\/1—f. (76)
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The continuum limit allows us to simplify the self-energy Eq. by transforming the summation
over the modes of the bath into an integral weighted by the density of eigenstates. Specifically

2 Mo 2 (R
o 1 op [ Ny py(Ep)
by =20 - 0 dEbb— 77
) N;w—Egﬂ'e N J g G-Etic (77)
Ny [wF Jw— R? Ny [wTF Jw—R?
24Vb b 24Vb b
UON( RZ/2 ) UON( 202N, /N (78)
wF /w — R}
_ZTVET 79
2 Y ( )

where the F is taken such that ¥ (w) ~ ﬁ for w — oo. The integral above is the Stieltjes transform
of the semicircle law?| We separate the self-energy into its real and imaginary parts:

A(w) = Re[S(w)] = % (w — sign(w)y fu? — Rg) (81)

M(w) = Im (o)) = Y28 2 - T ) = ot T ). (62)

Note that the second term in A(w) vanishes for |w| < R,, and viceversa the imaginary part I'(w)
vanishes for |w| > R,. The full Green’s function takes the following form:

1

G5 (w) ~ lim . (83)
0 B Aw) + i(e - F(w))
The spectral function is computed as
1 , 1 [(w) —e€
Si(w) = =Im |G} =lim | — 5 5 | - 84
(@) = —Im [G}(w)] 633<W(W_E5_A<w)) ()=o) ) (84)

We study this limit in two different cases, namely for I'(w) # 0 and I'(w) = 0. These are given by
lw| < Ry and |w| > R, respectively, and are indicated by . and - subscripts. In the first case, the
spectral function reads:

1 ['(w)

(W) = — 5 f w )
Siw) T(w—Ef — A(Ww))” + N(w)? or el <Ry (55)

In the second case instead, the function reads

Si(w)s = liml —¢ 5
0T (w— Ef — Alw))” + €

for |w| > Ry. (86)

The behavior of this second limit depends on the zero of the term £(w) = w — Ef — A(w), which
corresponds to shifted energy of the original mode If £(w) vanishes at |w| > Ry, the limit in

2Given the semicircle distribution p(E) = —2;V'R?> — E?, the Stieltjes transform reads

R —sign(w)vw? —
m(w) :/_R dch(_EZ;J == SIQnE:KQ)/Q L

3Since the function £(w) is continuous, monotonic and lim,, 4+, £(w) = Fo0, it has only one zero.
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Eq/86|gives a finite contribution. If, instead, the zero of £(w) lies in [—R,, Ry, the limit for S;(w)~
is zero, and the only contribution comes from S;(w)-. This second case is always given when
FEf < Ry < %, that corresponds to f < £. We refer to this situation as “low sampling fraction”.
Figure[S5.2A shows how theory captures the behavior of the autocorrelation and spectral density.
If instead £ > %, the limit reads

1 —€ R?
Si(w)s = lim — ~N—O(w—F)=-0|w—-LE — b) 87
() e=o0m (w — Ef — A(w))2 + €2 ( ) ( 4B (67)

The spectral function, which was peaked at one frequency when no coupling was present, takes
now finite values at all frequencies |w| < R,. This is a consequence of the coupling with the bath,
and it results in a decay of time-autocorrelations. This effect, known as damping or dephasing,
gives a finite life-time to the rotational eigenstates in the observed subspace. An analogous
damping profile would be observed in the presence of stochasticity in the engram dynamics.
The similarity is not surprising, since the coupling with the bath can be interpreted as a noise
source in the dynamics of the sampled subsystem.

In conclusion, the autocorrelation of a rotational eigenstates, that would oscillate in a fully-
observed system, decays in the presence of subsampling, because of the coupling with the
unobserved population. In the case of low sampling fraction, this dephasing is equivalent to
the autocorrelation decay in the full system for a random engram (Eq. [51). This is not surpris-
ing, since the bath — whose contribution on the dynamics dominates for low sampling fraction
— has the same statistics as the full system. However, the substantial difference between the
dephasing caused by subsampling (Fig.[S5.2B-D) and the decay in the fully observed system for
a random engram (Fig.[S5.1B), is that in the latter the dynamics is predictable. This can be seen
in the linear dynamical system fits to simulated engram dynamics, where in the fully observed
system the fitting succeeds while it fails in a partially observed system (Fig. [Bl). This analysis
shows that characterizing and fitting engram dynamics from data is in general strongly limited by
the problem of subsampling.

Numerical simulations We simulate the rotational dynamics sampling an N x NV anti-symmetric
matrix H. Above diagonal entries H,; are independent random variables with identical normal
distribution N/ (0, “Wg) All the remaining entries are fixed by anti-symmetry. We simulate the

decorrelation of one eigenstate v} of H, with energy E? (that is, one rotational eigenstate of the
sampled subsystem), caused by the coupling with the bath. We define the initial state as follow-
ing: the first IV, dimensions correspond to v,, and the remaining N, are set to zero to reflect no
initial activity in the bath: e(0) = (’gbi Ob)T. Here, we referred to 0, as a zero-vector of vV, compo-
nents. The dynamics is simulated using Euler integration, and the time-autocorrelation is mea-
sured by measuring at the activity e,(¢) in the first V, dimensions: S(t) = ef(0)e,(t) = 9! e,(t).
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Figure S5.2: Low and high sampling fractions

Spectral functions (A,C) and time-autocorrelations (B,D) of a rotation eigenstate v of the sampled sub-
system, with energy E?. Numerical values are obtained simulating a full rotation hamiltonian H of size
N = 10000, using Euler integration (time constant = = 1, time step At = 0.001, simulation time length
Ty = 1000). The activity is observed in the first IV, = 100 (A, B) and N, = 9000 (C, D) dimensions. o = 1.
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