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Abstract

Mean-field variational Bayes is a fast and scalable approach to approximate
Bayesian inference, but its independence assumptions often lead to underestimated
posterior uncertainty. We introduce moment propagation (MP), a framework for
improving marginal posterior approximations by propagating conditional posterior
moment information between parameter blocks and matching these moments within
convenient approximating families. In conjugate settings, MP identifies variance
terms omitted by mean-field approximations and uses them to construct corrected
marginal updates. We develop both mean-field and Gaussian variants of MP, the
latter using conditional Gaussian structure to obtain low-dimensional local updates
for non-conjugate models. We establish consistency and asymptotic variance cor-
rectness for two-component models, and show that MP recovers exact marginal
posteriors for linear regression and multivariate normal models. We also derive
algorithms for multivariate normal models with missing data, probit regression,
generalized linear models, and Bayesian Lasso regression. Numerical experiments
show that MP, particularly Gaussian MP, can substantially improve marginal pos-
terior accuracy over standard variational approximations while remaining much

faster than MCMC.
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1 Introduction

Bayesian inference provides a coherent framework for uncertainty quantification, but exact
posterior inference is available only in relatively simple models. Markov chain Monte Carlo
(MCMC) methods remain a default benchmark for posterior approximation because, under
suitable conditions, they can generate asymptotically exact samples from the posterior distri-
bution. However, MCMC can be computationally expensive for large datasets, high-dimensional
or complex models, and repeated analyses. This has motivated approximate Bayesian inference
(ABI) methods that trade some accuracy for substantial computational gains.

Variational Bayes (VB), also known as variational inference (VI), is one of the most widely
used families of ABI methods. VB converts posterior approximation into an optimization prob-
lem by selecting a tractable class of approximating densities and finding the member of this
class that is closest to the posterior distribution in Kullback—Leibler divergence (Kullback and
Leibler, 1951); see, for example, Bishop (2006), Ormerod and Wand (2010), Murphy (2013),
and Blei et al. (2017). Among VB methods, mean-field variational Bayes (MFVB) is especially
popular because it leads to simple coordinate ascent algorithms and can scale well to large
problems. MFVB assumes that the posterior approximation factorizes across a partition of the
model parameters, often yielding analytically tractable updates in conjugate models.

Despite these advantages, MFVB is well known to produce poorly calibrated uncertainty
estimates. Empirical and theoretical studies have shown that MFVB often underestimates
posterior variances and ignores important posterior dependence between parameters; see, for
example, Wang and Titterington (2005) and Turner et al. (2011). This can lead to overly narrow
credible intervals, overconfident posterior rankings, and misleading downstream decisions. As a
result, MFVB is often more reliable for fast model exploration and prediction than for inferential
tasks requiring accurate marginal posterior uncertainty.

Several approaches have been proposed to improve deterministic Bayesian approximations.
Fixed-form variational methods, including Gaussian variational Bayes (GVB), allow richer ap-
proximating families than standard mean-field assumptions (Opper and Archambeau, 2009;

Challis and Barber, 2013). Expectation propagation (EP) uses local approximations and mo-



ment matching to construct accurate global approximations for many models (Minka, 2001).
Laplace and integrated nested Laplace approximations use local curvature and low-dimensional
numerical integration to approximate marginal posterior distributions (Rue et al., 2009). Linear
response variational Bayes (LRVB) and related covariance correction methods improve uncer-
tainty quantification by studying the sensitivity of MFVB solutions to perturbations (Giordano
et al., 2015). These methods have different strengths, but some are model-specific, require
expensive optimization, are sensitive to implementation details, or provide corrected moments
without directly constructing improved marginal approximating densities.

In this paper we introduce moment propagation (MP), a framework for improving marginal
posterior approximations by propagating conditional posterior moment information between
parameter blocks. The starting point is the observation that MFVB updates often behave like
plug-in approximations: they replace uncertain quantities in a parameter block’s full conditional
distribution by their variational expectations. This is computationally convenient, but it omits
terms arising from uncertainty in the conditioning variables. In conjugate block models, these
missing terms can be identified directly using the laws of total expectation and total covariance.
MP uses this insight to construct improved marginal approximations by matching moments
obtained from local conditional posterior calculations.

The basic idea is simple. Suppose the parameter vector is partitioned into components.
Rather than approximating the conditional distribution of one component given fixed expec-
tations of the others, MP approximates the marginal posterior moments of a component by
averaging conditional posterior moments over an approximation to the distribution of the rel-
evant neighbouring components. The resulting moments are then matched to a convenient
approximating family. In this way, MP retains much of the blockwise structure of MFVB while
explicitly propagating information about posterior uncertainty between parameter blocks.

We develop two main versions of the method. Mean-field moment propagation (MFMP) is
closest in spirit to MFVB: it approximates neighbouring components by a product of marginal
approximations, but uses conditional posterior moments. This gives a direct correction to
MFVB-style variance underestimation in conjugate settings. Gaussian moment propagation

(GMP) starts from a joint Gaussian approximation to the posterior and uses its conditional



structure to form low-dimensional local approximations to marginal posterior distributions.
These local approximations are then used to update the Gaussian approximation by moment
matching, providing a practical route for applying MP in non-conjugate models.

The contributions of this paper are as follows. First, we identify how MFVB can underesti-
mate posterior variances in conjugate block models and use this analysis to motivate moment-
based corrections. Second, we introduce MP as a general framework for constructing improved
marginal posterior approximations from conditional posterior moments. Third, we develop
MFMP and GMP algorithms, showing how they can be implemented using exact conditional
moments, low-dimensional numerical integration, and delta-method approximations. Fourth,
we establish theoretical properties of MP in two-component conjugate settings, including con-
sistency and asymptotic correctness of posterior variances. Finally, we derive MP algorithms for
several archetypal models, including linear regression, multivariate normal models, multivariate
normal models with missing data, generalized linear models, and Bayesian Lasso regression.

The examples illustrate both conjugate and non-conjugate uses of MP. Linear regression and
multivariate normal models provide exact-recovery benchmarks. Multivariate normal models
with missing data demonstrate propagation of latent-variable uncertainty. Probit regression
illustrates an auxiliary-variable setting in which not all approximating densities need to be
specified explicitly. Generalized linear models and Bayesian Lasso regression demonstrate GMP
in non-conjugate settings, including a model with a non-smooth prior.

Our numerical results compare MP-based methods with standard ABI methods. Across
the examples considered, MP-based approximations often provide substantially more accurate
marginal posterior approximations than MFVB, particularly for posterior standard deviations
and marginal posterior densities, while remaining much faster than routine MCMC.

The remainder of the paper is organized as follows. Section 2 reviews VB and identifies the
sources of MFVB variance underestimation in conjugate and non-conjugate settings. Section 3
introduces the moment propagation framework, including MFMP, GMP, and hybrid variants.
Section 4 derives MP algorithms for the example models. Section 5 presents numerical exper-
iments comparing MP with existing ABI methods. Section 6 concludes. Technical derivations

and proofs are provided in the Supplementary Material.



2 Variational Bayes

Let D denote the observed data and let & € R% denote the unknown parameters. Given a

likelihood p(D|@) and prior density p(8), the posterior distribution is

p(D|6)p(6)

p(oD) = P,

p(D) = [ p(DIO)p(6) db.

For most models of practical interest, the marginal likelihood p(D) is unavailable in closed form
and posterior approximation is required.

Variational Bayes (VB), also known as variational inference (VI), approximates p(8|D) by
choosing a tractable family of densities @ = {¢(0)} and solving ¢* = arg gréig KL[q(0),p(0|D)],

where KL[q(0),p(0|D)] = E,[log ¢(8) — log p(8|D)]. For any ¢ € Q, we have
log p(D) = Ey[log p(D, 8) — log ¢(6)] + KL[¢(8), p(6|D)]. (1)

The first term on the right-hand side of (1) is the evidence lower bound (ELBO), ELBO,

—-

E,[log p(D, 8) — log ¢(0)]. Since log p(D) does not depend on ¢, minimizing KL[g(0), p(0|D)] is
equivalent to maximizing ELBO,.

Two common choices of Q are especially relevant here. The first is the mean-field family,

K
q(8) = ] ax(6x).
k=1

where {0;}5_, is a partition of . This leads to mean-field variational Bayes (MFVB). The
second is a fixed-form family ¢(€;n), where the approximating density is specified up to a finite-
dimensional variational parameter 1. A common fixed-form choice is a multivariate Gaussian
density, often referred to as Gaussian variational Bayes. Intermediate choices, combining struc-
tured factorizations and parametric approximations, are also possible (Wang and Blei, 2013;
Rohde and Wand, 2016).

The mean-field assumption is computationally attractive because it often leads to simple

coordinate ascent updates. However, the factorization removes posterior dependence between



parameter blocks and is a major source of inaccurate posterior uncertainty. The purpose of this
section is to make this loss explicit and to identify the moment corrections that motivate the
moment propagation framework introduced in Section 3.

Let M(k) C {1,...,K} \ {k} denote the indices of the parameter blocks in the Markov
blanket of 8. Then p(0x|D,0_1) = p(0x|D, 0 1)), where 6_ denotes all blocks except 6.
We refer to this conditional distribution as the full conditional distribution of 8, and write it
as p(O|rest) = p(0x|D, Opr(x))- This conditional distribution plays a central role in both Gibbs
sampling and MFVB coordinate ascent updates.

MFVB is particularly convenient when the full conditionals belong to exponential families.
Suppose that p(Ox|rest) = hy(0x) exp [Tk(gk)Tnk(aM(k)) - Ak{nk(gM(k))}}a where Ty (0) is
a vector of sufficient statistics, 1;(0y()) is the natural parameter, Ag(:) is the log-partition
function, and hy(0y) is the base measure. The natural parameter may depend on D, but we
suppress this dependence in the notation. For fixed {q;(0;) : j # k}, the coordinate ascent

variational update is gj(0) o< exp [Eq(gik){logp(D, 0)}} In the exponential-family case

Q% (01) = hy(0y) exp [Tk(ak)Tﬁk - Ak(ﬁk)} : where 7y, = Ey[n,(Onr))]- (2)

Thus, the MFVB update replaces 1, (0 M(k)) Dy its expectation under the current variational
approximation. Sequentially applying (2) for k = 1,..., K yields coordinate ascent variational

inference and monotonically increases the ELBO under the usual regularity conditions.

2.1 Variance underestimation in conjugate MFVB updates

The plug-in nature of (2) helps explain why MFVB often underestimates posterior variances.
Let gi(n;,) = VAr(ny), and Hy(n,) = V2A,(n,). For an exponential-family distribution with
natural parameter 7;, these quantities are the mean and covariance of the sufficient statistics:

E[Tk(0r)] = gr(n,) and V[Ty(0;)] = Hi(n,). Therefore, under the MFVB update in (2),

Eq[Tk(ak)] = 8k [Eq{"?k(eM(k))}}, and

Vo [T4(61)] = Hy, [Eq{ny(0r1s))}] - (3)



By contrast, the exact posterior moments satisfy the laws of total expectation and to-

tal covariance. Conditional on 6y, the full conditional distribution has natural parameter

nk(gM(k))- Hence, E[T(0})|D] = Ep(OM(k)|D) [gk{nk(eM(k))}]7 and
VITk(04)D] = Epo,, 0 /0) [He{n(On169)}| + Vo000 0) (850100010} - (4)

The first term in (4) is the average conditional covariance of the sufficient statistics. The
second term is the variation in the conditional mean induced by posterior uncertainty in the
neighbouring blocks. Comparing (3) and (4) identifies the source of variance underestimation.

If ¢(0ar(x)) is a good approximation to p(@()|D), then the MEVB quantities

gk [Eg{mi(Onw)}|  and  Hg [E{ny(0r)}]

can be interpreted as plug-in or first-order delta-method approximations to

Ep(010 D) [gk{nk(aM(k))}} and  Epye,, ., D) [Hk{ﬂk(aM(k))}} :

respectively. However, the MFVB covariance in (3) has no analogue of the second term in (4),
ie., Vp(gM(k)"D) [gk{nk(OM(k))}] This missing term is nonnegative definite and represents the
uncertainty propagated from the neighbouring parameter blocks into the conditional mean of
Tx(0r). Whenever Ty (0)) contains 0y, itself, the same mechanism leads directly to underes-
timation of the marginal posterior variance of ;. This decomposition is the main conjugate
motivation for moment propagation. Rather than treating the natural parameter 1, (6 M(k)) as
fixed at its variational expectation, one can attempt to average conditional moments over an
approximation to the posterior distribution of the neighbouring blocks. This restores, at least

approximately, the second term in the total covariance decomposition.

2.2 A conditional identity for non-conjugate updates

The preceding argument relies on the full conditional distribution being available in a tractable

exponential-family form. For non-conjugate models, the same plug-in interpretation is less



direct, but a related identity suggests a useful route to improvement. Let q(0_j|0)) be any

conditional density. Applying the decomposition in (1), now conditional on Oy, gives

logp(D, 0x) = Eqg(9_,0,) logp(D,0) —log q(6 —1|0x)] + KL[q(0_1|0k), p(6 «|D,0%)].  (5)

If q(0_x|6k) is replaced by a marginal approximation ¢(6@_j) that does not depend on 6y,
and if the KL term is ignored as a function of 6y, then (5) leads to the usual MFVB-style
update. This approximation discards the posterior dependence of 8_j on the block currently
being updated. Equation (5) therefore suggests a non-conjugate analogue of the conjugate
correction above. If p(@_x|D, 8y) can be approximated well by a conditional density q(6_|0%),
then the first term on the right-hand side of (5) provides an improved local approximation to
the marginal log-density of 6. In particular, retaining dependence on 6 allows information
about the remaining parameters to be propagated into the marginal approximation of 0.

The calculations above identify two complementary ways that MFVB can lose posterior in-
formation. In conjugate models, MFVB omits the contribution of uncertainty in neighbouring
blocks to the marginal posterior covariance. In non-conjugate models, MFVB-style updates
ignore the conditional dependence of the remaining parameters on the current updated block.
Moment propagation uses these observations to construct improved marginal posterior approx-

imations by propagating conditional posterior moment information between parameter blocks.

3 Moment propagation

We now introduce moment propagation (MP), a framework for constructing improved marginal
posterior approximations by propagating conditional posterior moment information between
parameter blocks. Let @ = {601,...,0x}, 0} € R denote a partition of the parameter vector.
Our goal is to construct approximations qx(0x) ~ p(0x|D), k = 1,..., K, with particular
emphasis on accurate marginal posterior means and variances.

The key idea is to replace the plug-in updates used by MFVB with conditional moment
averaging. For each block 0, MP approximates marginal posterior moments by averaging

conditional posterior moments of 8, over an approximation to the posterior distribution of the



neighbouring blocks. These moments are then matched to a convenient approximating family.
This leads to algorithms that retain much of the blockwise structure of MFVB while restoring

part of the posterior uncertainty lost through mean-field factorization.

3.1 The basic marginal identity

Let M (k) C {1,..., K}\{k} denote the indices of the blocks in the Markov blanket of 8. By the
law of total probability, p(0x|D) = Epg_,p)[p(0k|D, 0 _)]. Using the conditional independence
encoded by the Markov blanket, p(6x|D, 0 1) = p(0x|D, 0(x)), and therefore

P(0k|D) = Ep(,, ) D) [P(O[D, Orr (1)) (6)

Suppose that q(0ar(x)) = p(@rr(x)|D). Then (6) suggests the implicit marginal approxima-

tion G (0y) = Eq(gM(k))[p(Hk\D, 0r1(k))]- Equivalently, define the local joint approximation

Tk (Ok, Ori(ky) = P(Ok|D, Onr(k))a(Oni(r))- (7)

When both factors on the right-hand side are normalized densities, 74(0y,0y/(x)) is also
normalized, and its marginal density in 0 is Gi(60x). In general, direct calculation of gi(6%)

may be difficult. However, its moments are often easier to approximate, e.g.,

Eg [Tk(0x)] = Er, [Th(05)] = Eggo,y,,)) [E{T(01)D, Oar(r)}] - (8)

where T (6y) is a vector of functions. Moment propagation uses (8) to construct a tractable
approximation gy (6x; ;) by choosing n;, such that Eg, (g, . [Tk(0k)] = Ep, [Ty (0x)]. Thus, g
denotes the implicit MP marginal induced by conditional averaging, whereas g (0x; 1)) denotes

a tractable moment-matched approximation to that marginal.

3.2 Moment propagation in conjugate block models

We first consider the case where the conditional density p(0x|D, 8 (x)) is available in normalized

form and its relevant moments are known functions of @,;(;). In this setting, MP can be



implemented by moment matching without evaluating the full mixture density in (7).

In particular, the posterior mean and covariance of 8 can be approximated by

E(60x|D) ~ Er, (0k) = Eq(0,,,)) {E(ak’D7eM(k))] , and )
V(0:|D) = Vi, (0k) = Eq(0,,1) {V(GkID,OMw))] + VoOr0) {E(Ok\D, 0M(l~c))} :

The second term on the right hand side of the expression for V,, (8y) in (9) is the additional
uncertainty induced by variation in the neighbouring blocks. This is the term that is typi-
cally absent in the corresponding MFVB update. Hence (9) provides a direct moment-based
correction to the plug-in approximation discussed in Section 2.

More generally, MP can be applied to any vector Ty (8}) for which the conditional moments

E[Tx(0x)|D, 0 (1)) can be evaluated or approximated. Given these moments, we choose a

convenient approximating family g (0x;m,) and solve the moment matching equations

E%(gkmk) [Tk (0k)] = Er, [Tr(0)]-

When g, is an exponential-family density and T} is its vector of sufficient statistics, this
moment matching step can be interpreted as a KL projection onto that family (Minka, 2005).
However, MP is not restricted to exponential-family approximations or to matching sufficient
statistics. In later examples, we use multivariate t, inverse-Wishart, Gaussian, and inverse-
gamma approximations, and in some cases match moments other than the sufficient statistics

when this leads to tractable updates.

3.3 Mean-field moment propagation

Mean-field moment propagation (MFMP) is obtained by approximating the distribution of the

neighbouring blocks by a product of their marginal approximations:

qOuw) = JI a(65)
JjeEM(k)

10



This assumption is weaker than the MFVB factorization in the sense that MP updates block
k only requires a factorized approximation over the Markov blanket of 8y, rather than over
all parameters. When K = 2, no additional factorization is required inside the conditioning
block, although the algorithm still constructs separate marginal approximations for the two

components. A generic MFMP update for block k£ has the following form.

1. Given current approximations {g; : j € M(k)}, form q(@nr(r)) = [1jenr(n) 2;(0;)-
2. Compute the propagated moments mM¥ = Ey@rry) [E{Tk(ﬂk)m, OM(k)}]
3. Solve for m;, such that Eqy, (g,..)[Tr(0)] = mp™.

4. Replace g by the updated density qx(6x;m;), and cycle through the remaining blocks

until convergence.

The following results summarize the asymptotic behaviour of MEFMP. Note that the results
do not constrain the choice of Qy, to the exponential family of distributions. Note that we provide
only an intuitive condensed statement of each result here. Their full technical statements,
required assumptions, and technical proofs are given in Supplementary Section B. The first
theorem provide sufficient conditions to guarantee the large-sample convergence of the MFMP

solution to the fixed point of a limiting system of integral equations.

Theorem 1 Assume (A1) to (A5) in Supplementary Section B holds. Then, the MFMP
sequence of solutions {Xgn[)(}nzl converge in probability to the solution of a set of limiting integral
equations . at rate Op(ey), where €, is a deterministic sequence according that controls the

rate of convergence of the exact posterior.
The following results establishes the consistency of the MFMP posterior.

Theorem 2 Assume (A1) to (A6) in Supplementary Section B holds. Then, for each k =
1,...,K and any € > 0, Py, {||0x — 0} > €} 2 0, where Py, is the probability measure corre-

sponding to the k-th marginal MFMP posterior.

The following results establishes the asymptotic convergence of the MFMP posterior variance.

11



Theorem 3 Assume (A1) to (A9) holds and K = 2. Then, for each k = 1,2, we have

1Zkn — Vil = Op(n=3/2), where Vi, = V(0; | D).

Theorem 3 formalizes the main advantage of MFMP over MFVB in the two-component
conjugate case: by propagating conditional moment information between blocks, MFMP can
recover asymptotically correct marginal posterior variances. The result does not imply that
MFMP exactly represents the joint posterior dependence between blocks, but it shows that
accurate marginal variance estimation is possible even when the algorithm maintains separate
marginal approximations.

MEFMP is most useful when the conditional density p(0x|D, €ys(x)) is known and the condi-
tional moments in (8) can be calculated analytically or by low-dimensional numerical integra-
tion. This requirement limits its direct application in non-conjugate models. We next introduce

a Gaussian alternative that is designed for such settings.

3.4 Gaussian moment propagation

Gaussian moment propagation (GMP) starts from a joint Gaussian approximation ¢(@) =

$(0—p; ), where ¢(-; X) denotes the multivariate Gaussian density with mean zero and covari-

ance matrix 3. This Gaussian approximation is used as a propagation device: its conditional

distributions are used to construct local marginal approximations, and the first two moments

of these local approximations are then used to update the joint Gaussian approximation.
Consider updating block 0. After a possible permutation of indices, write

© Yk o Xk—k
B= ", 3=

B Y kk Xok—k

Let ¥_ppp = X gk — Z_k7k2;22k7_k. Then the conditional distribution under the current

Gaussian approximation is

q(0-1[0k) = ¢ (O*k — b = Tk kS Ok — s 2—kz|k> : (10)
The GMP update is motivated by the conditional identity from Section 2, i.e., (5). For the

12



Gaussian conditional distribution in (10), the entropy term Eqg ,|6,)[—10g ¢(6_£|0))] does not

K10k
depend on 0. If, in addition, the conditional KL term varies slowly as a function of 8y, then

the marginal posterior density of @} is approximated, up to normalization, by

ri(61) < exp [Eyqo_, 1o, {log (D, 0)}] (11)

We refer to 7;(0y) as the local GMP marginal approximation for block k. It has dimension dj,
and so can often be normalized and integrated using low-dimensional numerical integration.
Suppose that the first two moments of 7, are available: i, = E, (0), and > = Vi (0k).
These moments may be calculated using quadrature, Monte Carlo, Laplace approximation, or
other suitable low-dimensional approximations. We then update the joint Gaussian approxima-
tion by replacing the marginal distribution of 8y with Gx(0y) = ¢(0x — f1s; f)k), while retaining
the current conditional distribution g(€@_x|0y). That is, the updated joint approximation is
q(0) = q(0_|0k)qr(0k). This is again a multivariate Gaussian distribution, with
o= H , and (12)
TR YD S A (TR Ty

~ ik kaE*lEk —k
5 ke k 22k,

N _ (13)
sz,kzéizk DI Efk,kzlzkzkzlzizk,—k

After replacing (u, X) by (1, i), the algorithm proceeds to update another block. Cycling
through all blocks until convergence yields the GMP approximation.

The GMP algorithm can be summarized as follows.

1. Initialize (p,X) using a Gaussian approximation, such as a Laplace, GVB, MFVB-based

Gaussian, or EP approximations.
2. Fork=1,..., K,
o Compute the Gaussian conditional distribution ¢(6_y | ) from (11).
o Form the local marginal approximation 75(6y) in (11).
« Compute fi, = E,, (8;), and Zj, = V,, (6}).

13



o Update the joint Gaussian approximation using (12) and (13).

3. Repeat until convergence.

The local density 71(6%) and the Gaussian density ¢(€) play different roles. The Gaussian
density ¢(0) is used to propagate dependence information between blocks through its condi-
tional distributions. The local density r;(0)) can be used directly as the marginal posterior

approximation for 6y, while its first two moments are used to update ¢(8).

Theorem 4 If X and > are positive definite, then the updated covariance matriz S in (13)

1s positive definite.

The proof is given in Supplementary Section C.3. Theorem 4 ensures that each GMP update
preserves positive definiteness of the Gaussian propagation covariance matrix. Notice that the
updated off-diagonal blocks are nonzero if and only if the corresponding off-diagonal blocks in
the current X are nonzero. Therefore, GMP should be initialized with a Gaussian approximation
that already contains useful posterior dependence information. In practice, we have found that

the quality of the final GMP approximation depends on the quality of this initialization.

3.5 Hybrid and approximate moment propagation updates

The preceding sections describe two idealized MP updates. MFMP is attractive when condi-
tional posterior moments are available, while GMP requires a reasonable joint Gaussian ap-
proximation. In practice, neither set of requirements may hold exactly. The required moments
in (8), the expectations in (11), or the moment matching equations for 1, may be analytically
intractable. In such cases, MP can be implemented using hybrid or approximate updates.

One possibility is to approximate the required moments using Monte Carlo, stochastic ap-
proximation, quadrature, Laplace approximation, or delta-method expansions. Another pos-
sibility is to apply MP only to blocks for which the conditional moment calculations are
tractable, and use standard VB-style updates for the remaining blocks. For example, sup-
pose V' C M (k) is a subset of neighbouring blocks over which exact conditional moment prop-

agation is inconvenient. Define py (0D, 0pr(p)\v) X exp {Eq(gv){logp(ekﬂ),HM(k))}}, where

14



q(0v) = [l;ev j(0;5). If Py can be normalized and its moments computed, then the MP mo-

ment update can be replaced by

E[T%(0x)|D] ~ IEq(t‘)M(k)\v) [E@c(@klpﬂwk)\v){Tk(gk)}} ’ (14)

This is a hybrid MP/VB update: the blocks in V are averaged in a variational manner, while
the remaining neighbouring blocks are propagated through conditional moments.

A second hybrid strategy is useful when a full conditional approximation q(6_|0x) is un-
available, but a lower-dimensional structured approximation is available. Suppose, for example,
that for some k' # k, q(0) = q(Ok, Ok) [1;¢(x11 95(0;), and that q(0x | Oy) is available. Then

a lower-dimensional replacement for the GMP update is

Tk(0k> X exp EQ(ek/|9k) H;g{k W) qj(gj){logp(D, 9)} . (15)

This approximation propagates dependence between 0 and 6/, while treating the remaining
blocks in a mean-field manner. Hybrid updates such as (14) and (15) may be less accurate than
the ideal MFMP or GMP updates, but they can substantially expand the range of models for
which moment propagation is computationally feasible. In general, MFMP is most useful when
conditional posterior moments are available analytically or through low-dimensional integration;
GMP is most useful when a good joint Gaussian approximation is available; and hybrid updates

are useful when only part of the model admits tractable MP updates.

4 Examples

In this section, we illustrate moment propagation through a sequence of examples. The exam-
ples are chosen to demonstrate different aspects of the methodology. Linear regression and the
multivariate normal model provide benchmark settings where exact marginal posterior distribu-
tions are available, allowing us to verify that suitable MP updates can recover the exact answer.
The multivariate normal model with missing data demonstrates how MP can propagate uncer-

tainty from latent quantities. Probit regression illustrates the use of MP in an auxiliary-variable

15



model, including a case where not all approximating densities need to be specified explicitly.
Generalized linear models demonstrate Gaussian moment propagation (GMP) in non-conjugate
settings. Finally, the Bayesian Lasso example shows how GMP can be adapted to a model with
a non-smooth prior. Detailed derivations, theory, and algorithmic summaries are provided in

the Supplementary Material.

4.1 Linear regression

We begin with a conjugate linear regression model. This example is useful because the exact
marginal posterior distributions are available in closed form, making it possible to assess whether
moment propagation can recover the exact posterior.

Consider the linear model y|3, 0% ~ N,,(X8,0°1,,), with priors B|o? ~ N,(0, go?(XTX)™1),
02 ~ IG(A, B), where g > 0 is fixed. Let B = (XTX)"'XTy, and u = g/(1 + g). The posterior
distribution is available in closed form. We consider two MP approximations. The first uses a
Gaussian density for ¢(8) and shows how MP improves upon the usual MFVB variance update.

The second uses a multivariate ¢ density for ¢(8) and recovers the exact marginal posterior.

4.1.1 Gaussian approximation for ¢(3)

First suppose ¢(8) = Np(f, fl), and q(0?) = IG(A7 E) To update ¢(8) given q(0?), we propa-

gate the conditional moments of By, o2. This gives

E,.(8) =uB, and VT(B):g 1u(XTX)_1.

Matching these moments with those of ¢(8) gives leads to the updates p <+ ’U,B, and ¥ «
(B/(A — 1))u(XTX)"1. The update for g(c?), uses the conditional distribution 2]y, 8 ~
IG(A,p, B(B)), where A,,, = A+ (n+p)/2 and B(B) = B+ (|ly —XB?)/2+ (29) ' BT XX 3.

Moment propagation gives

E(BAFE  ViB(B)

and V,(0?) = (Anp — D2(Anp —2)  (Anp—1)(An,—2)

Here B [B(B)] = B + |y — Xal?/2 + " X"X/(29) + tx(XTXE)/(2u), and V,[B(B)] =

16



tr[(X7X%)?]/(2u?). Note that the MFVB approximation leads to the same approximation
of posterior mean, and equals V,.(¢?) without the additional second term. Matching the mean

and variance of q(c?) to E,(c?) and V,(0?) leads to the updates

This approximation shows the key MP correction: the variance of B(f3) contributes an
additional term to the variance update for o2. However, ¢(f3) is still misspecified because the

exact marginal posterior of 8 is multivariate ¢t. The next approach corrects this.

4.1.2 Multivariate ¢ approximation for ¢(3)

Now suppose ¢(8) = t,(L, s, ), and q(0?) = IG(E, E) For fixed q(c?), we match the first two

moments of B, and Q(8)2, where Q(B) = (8 — ﬁ)Tiil(,B — ). This gives

_ - B _
IL—uB, X Zu(XTX)_l, U+ 2A.

The update for q(0?) again matches E,(0?) and V,.(¢2), but now the moments of B(3) are

computed under the multivariate ¢ approximation:

1 ~ 1 7 r(XTXS
BB = B+ gy~ Xl 5 XX O
1 [P {(XTX3)? 72 {tr XTXE) 2
V,[B(8)] = {(XTX®)%} | 22 {or( al

T2 | (D—2)(v—4) (T —2)2(v —4)

provided the required moments exist. Matching the mean and variance of g(c?) gives the same
inverse-gamma moment equations as above. The Supplementary Material D shows that this
second MP approach recovers the exact marginal posterior distributions p(8ly) and p(c?|y).
Thus, the example demonstrates that MP can recover exact posterior marginals when the

propagated moments are exact and the approximating families are sufficiently rich.
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4.2 Multivariate normal model

The next example gives a second exact-recovery benchmark. Let x;|p, X ~ Np(p,X), i =
1,...,n, where p € RP and ¥ € S;r . We use the conditionally conjugate priors pu|% ~
N, (0, /\612), and X ~ IW, (¥, 1p), an inverse-Wishart distribution, where A\g > 0, 1y > p —1,
and ¥y € SIjL . Without loss of generality, the prior mean of p is taken to be zero, after
translating the observations if necessary. This model has a closed-form posterior distribution.

We approximate the marginal posterior distributions by ¢(p) = t,(f, 3, V), and ¢(X) =

IVV]D(\AIVI7 d). The MP update for ¢(p) matches E,(p), V,.(i), and a fourth radial moment to give

X < v =
;H—E, Yo ved—p+1,
)\n )\n(d —p+ 1)
where X =n~ 13" | x; and A, = Ag + n.
To update ¢(X), we match E,.(X) and the diagonal element-wise variances of 3. Let ¥,, =

Wy + 37 xix! — nxxT + (A\o/M)XXL, and v, = 1 + n. The required propagated moments

can be written in the form

A 2dg(A)®2 + (v — p)dg(B

E.(X) = ) and  dg[EWV,(X)] = g(A) ‘|2‘ (vn — p)dg( )7
Un—D (Vn—p) (Vn_p_2)

)\nl7 = 2)\%52(5 . 1) <2

where A=v, + = 22, and dg(B) = mdg(z) '

Here dg(A) denotes the vector of diagonal elements of a square matrix A, and EWV(A) denotes
the matrix of element-wise variances of A. Matching these quantities to the corresponding
moments of an inverse-Wishart distribution gives

~  21][dg(E.(%))*?]
1) dg[EWV,(3)]

+p+3, U+ (d—p—1DE.(2).

The Supplementary Material E gives the full derivation and shows that the MP algorithm

has a fixed point corresponding to the exact marginal posteriors under assumptions stated there.
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4.3 Multivariate normal model with missing data

We now extend the multivariate normal example to the case where some components of the
observations are missing. This example illustrates how MFMP can propagate uncertainty from
latent variables into the posterior approximation for model parameters.

Assume the model from Section 4.2, but suppose that for each observation x;, only a subset
of its components is observed. We assume an ignorable missingness mechanism, so that the
missingness process does not enter the posterior distribution of p, 3, or the missing data.

Let O; and M; denote the observed and missing index sets for observation i, respectively.
Let z; = x; a1, be the vector of missing components. Define c¢; to be the vector obtained from
X; by replacing missing entries with zeros, and let R; be the matrix that inserts z; into the
missing positions. Then x; = ¢; + R;z;. Let X denote the collection of missing components.

We use the MEMP factorization q(p, 3, Xar) = q(p, 3) [1;e 01 9(2i), where M indexes obser-
vations with at least one missing component, and ¢(p, ) = NIW (1, N0, V), the p-dimensional
Normal-Inverse-Wishart distribution, and ¢(z;) = N, Mi|(/mvi,\~/'i), for i € M. The update for
each missing vector z; is obtained by averaging the Gaussian conditional distribution of the
missing components given the observed components over the current approximation to (u,X).
The update for (p,3) then treats the completed data matrix through its first two moments,
thereby propagating missing-data uncertainty into the parameter approximation.

For each i € M, moment matching gives m; < E,(z;), and V; V. (z;). If O; = @ then
E,(z;) = ft and V,(z;) = (1 + A"1)® /(7 — p — 1) otherwise E,(z;) = Li(xi,0, — to,)

and  V,(z;) = [1 A+ (xi0, — Fio,) W00, (Xi0, — aoi)} }’Mi'o
v—|M;|—1
where L; = Eq(zMiOizailOi) = {IVIMZOZ{IVI(_)lIOZ and l’Ivl]\/[l.‘oi = W, — \FIVIMiOi\’IV’(_):Oi\’IVlOiMi.

For the update of g(p,3), define X; = E4(x;) = ¢; + Rim;, B; = V (x;) = Ri\N/’iRiT,
X=3" 1%/, A =X +n,and A =" B,. Then
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Similarly, E,(2) = C/(vp—p—1), where C = E,(¥,,) = T+ 7 %X +(1-\, DA -\, i, il

The diagonal element-wise variances can be computed from the moments of the completed
data; the resulting formulae are given in Supplementary Material F. Matching E,(w), tr[V,(w)],
E,(X), and 1Tdg[EWV, ()] to the corresponding NIW moments gives

5o U)o 217 dg{E ()}

< E- (), Aem, v 1T dg[EWY, ()] +p+3, ¥ (T—p—1E(D).

4.4 Probit regression

We next consider probit regression. This example illustrates a useful feature of MP: not every
auxiliary quantity requires a fully specified approximating density. In this case, the update for
q(B) requires only the first two moments of the auxiliary variables, so MP can propagate those

moments directly. Let y; € {0,1}, and let x; € RP. The probit likelihood can be written as

p(y18) = [[ 8B [1 - B(xTB) = H@ (B). (16)
=1

where z; = (2y; — 1)x;. Assume the Gaussian prior 8 ~ N,(0,D™!), where D is positive
definite. Using the Albert—Chib auxiliary-variable representation (Albert and Chib, 1993),
p(yi,ai|B) = d(a; — 2 B)(a; > 0), i = 1,...,n. Integrating over a; recovers p(y;|3) = ®(z! B).
Let a = (a1,...,a,) and Z = diag(2y — 1,,)X.

We use ¢(8) = Np(m, ) but do not specify a full parametric form for g(a). Instead, at
least at a conceptual level, we maintain only E,(a) and V,(a) because these are the quantities
needed to update ¢(3). Later, we merge updates so that V,(a) is not explicitly stored. Matching
the propagated moments of 3 gives 1 + SZTE,(a), and S+« S+ SZTV,(a)ZS, where S =
(ZTZ + D)~ L. The required moments of a are obtained from the truncated-normal conditional

distribution aly, 8. Let ((t) = d*log ®(t)/dt*. Then

E,(a) « Zpg + Ey[C1(ZB)], and Vy(a) < I, + diag [E,{(2(ZB)}] + V[ZB + G1(ZB)).

The expectations E4[(1(Z3)] and E4[(2(Z/3)] can be evaluated element-wise via one dimen-

sional quadrature. The full covariance term V4[ZB + (i(Zp)] would require two-dimensional
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quadrature for each pair of observations. For computational efficiency, we instead use a first-

order delta-method approximation:
Vy(a) = I + diag [Eq{¢2(ZB)}] + [L, + ding{¢2(Z)})ZBZ" I, + diag{(2(ZR)}].

Substituting this expression directly into the update for > avoids storing the full n x n

covariance matrix Vy(a). The resulting combined updates are

E,(a) <« Za+E,G(ZB)], i+ SZ'E,(a), and

Y S+SZT[1, + diag{E,(¢2(ZB))}|ZS

+SZ7 (L, + diag{(2(Z ) ) ZZZT [T, + diag{(2(ZR) }]ZS.

A careful implementation costs O(np? + p?) per iteration. The following result summarizes the

large-sample behaviour of the fixed point. The proof is given in Supplementary Material G.

Theorem 5 Under the reqularity conditions stated in the Supplementary Material Section G.3,

the fized point of the probit MP updates satisfies
~ - _ ~ % _
HME_IBH :O’p(n 1)7 Hzg—VHFZOp(n 2),

where B is the posterior mode and V = [ZT diag{—(»(ZB)}Z + D]~

Thus, the MP covariance approximation is asymptotically equivalent to the usual curvature-
based covariance approximation. The result does not follow directly from Theorem 1 because

of the first-order delta-method approximation used above.

4.5 GMP for generalized linear models

We now consider non-conjugate generalized linear models. This example illustrates the GMP
construction from Section 3.4: a joint Gaussian approximation is used as a propagation device,

while low-dimensional local marginal approximations are used for inference and updating.
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Consider a one-parameter exponential-family likelihood with Gaussian prior
p(yl8) = exp[1]f(y,X0)], 6 ~ N(0,0°1,), where f(y,X0) = (f(y1,x]80),..., f(yn,%x26)).
Examples include logistic regression, with f(y,z) = yz — log(1 + exp x), probit regression, with
f(y,z) =log ®[(2y — 1)z|, and Poisson regression, with f(y,z) = yx — exp(z) — log(y!).

Suppose that an initial Gaussian approximation (@) = ¢(6 — p;3) has been obtained,
for example from a Laplace approximation, GVB, or EP. We use the component-wise par-
tition = {61,...,0,}. For the update of 6, the Gaussian conditional distribution gives
q(0_1|0r) = d(arby + br, X _g;), where ap = X_p1/Spk, b = p_p — agpr, and X_p), =
3 k= B kxS Sk ke It follows that X E,(0]0r) = cry + dy, where ¢, = Xy, + X_jay,
and di = X_;by. Let sgk‘k = dg(X_x X _g,XL,), and define F(y, p1,0?) = [220 f(y,2)p(x —

w;0%) dz. Then the GMP local marginal approximation from Section 3.4 is

el +1

_ agbk
202 2

(01 o< exp |17 F(y, ey + dy, S%k‘k) 07 0| . (17)

The only model-specific ingredient is the function F', the Gaussian average of the scalar log-
likelihood contribution. For Poisson regression, F(y,u,0?) = yu — exp(u + 02/2) — log(y!),
whereas for logistic and probit regression it is evaluated using numerical quadrature.

After normalizing rj, we compute fi = E,, (0)), and Y = Vy, (0k), and update the Gaussian
propagation approximation using the GMP update equations from Section 3.4. The density r
itself can be retained as the marginal approximation for 6.

For a single coordinate update, the deterministic algebraic part of the GMP update can
be implemented in O(np + p?) time (see Supplementary Material C), and a full sweep over
k=1,...,phas cost O(np?+p*). If N denotes the number of quadrature nodes then evaluating
(17) requires approximating F' per sample costing O(Nn), and then normalizing r; costing an
additional O(N) per coordinate. Thus the cost of quadrature is O(Nnp) per iteration. For the

Poisson case this is reduced to O(Np).
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4.6 GMP for Bayesian Lasso

The final example considers a Bayesian Lasso model. This example illustrates a hybrid GM-
P/VB update: dependence among regression coefficients is propagated through a Gaussian

2 is averaged using a variational factor ¢(o?). It

approximation to ¢(8), while uncertainty in o
also represents an example where the prior is not smooth.

Consider the linear model y|3, 02 ~ N, (XS, 0%1,), with B|c? ~ Laplace(0,0/\) and o2 ~
IG(A, B), where A > 0 is a fixed constant. We assume that y and X have been centered so that

2

the intercept can be omitted. The dependence of the Laplace prior on ¢ is useful because, for

fixed A, the resulting joint posterior is unimodal. The joint density is proportional to

n B 1 A
p(D.B.0%) scexp |~ (A4 5 +p+ 1) logo® = = oy - XBI* - 28]
o g g

For fixed o2, the negative log posterior is proportional in B to the usual Lasso objective, up to
the prior scaling. Suppose an initial approximation has been obtained of the form ¢(8,02) =
q(B)q(c?), where q(B) = ¢(8 — t, f]), and ¢(0?) = IG(A, E) For the update of 8, define ay,

by, ¢k, di, X_p, as in Section 4.5. Using the hybrid GMP/VB approximation,

rk(ﬁk) X €Xp [Eq(ﬂfk\ﬂk)q(o%{logp(pa B, 0—2)}}

X exp [— % {||Ck\|2ﬁ;f —2¢i (y — dk)ﬁk} - E, (%) {\5k| + 170 (ag By + bkﬁ%pﬁ}]

where By(0~!) = D(A+1/2)/T(A)V B, W(n,02) = {®(n/0) — ®(—p/0)} + 206(u/0) is the
expectation of |Z| for Z ~ N(u,0?), and a’%klk = dg(f]_k‘k).

After normalizing 7, we compute fi, = E,, (8), and Y = Vr,. (Br), and update the Gaussian
propagation approximation for 8 using the GMP equations from Section 3.4. The local density
ri can also be retained as the marginal approximation for 5. For a single coordinate k, the local
density can be normalized in O(np+p?+ Np) time, where N is the number of quadrature nodes

(see Supplementary Material C). A full sweep over all p coefficients has cost O(np? + p® + Np?).
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5 Numerical experience

We do not consider the linear regression or multivariate normal model examples here, since our
MP approaches for these models are exact. For the remaining models, we consider MCMC as
a gold standard where we use HMC (Hamiltonian Monte Carlo, with the no-U-turn sampler)
via stan (Hoffman and Gelman, 2014; Stan Development Team, 2025). For each model, we
obtained a large number of HMC samples (5 x 10° samples; 5000 warm-up) as the gold standard
through the R package rstan. Separately, we obtain a short run of HMC samples (5,000
samples; 1,000 warm-up) representing a bare minimum “out of the box” MCMC approach for
comparisons with various ABI methods. We use several metrics to assess the quality of marginal
posterior density approximations. We use the accuracy metric of Faes et al. (2011) for the j-th

marginal posterior density,

accuracy; = 1 — %/\p(ejﬂ)) —q(0;)|d8;, j=1,...,p, (18)

where p(6;|D) is estimated from a kernel density estimate from the long run of HMC. The
quantity accuracy; takes values between 0 and 1 and is expressed as a percentage. For each
dataset and method, we record the minimum (MIN), first quartile (Q1), and median (Q2)

of the p accuracies. Accuracies above 95% are usually sufficiently accurate for most univari-

ate inferences. In addition to the accuracy, we record \/ [>-{Eq(05) —E(6;]D)}?]/p denoted

RMSE(p), \/[Zj{sdq(Hj) —sd(6,|D)}?]/p denoted RMSE(o) for each coefficient, where again
posterior quantities are estimated using stan using a large number of samples. Lastly, we
record ||V(0|D) — V4(0)| r using the Frobenius norm as a multivariate metric.

Where appropriate, we compare our methodology against several ABI methods, including
MFVB, Laplace approximation, Expectation Propagation (EP) (Minka, 2001), and Gaussian
Variational Bayes (GVB) (Opper and Archambeau, 2009) where the ELBO is approximated via
n univariate integrals using numerical quadrature and optimized via the limited memory BFGS
method of R’s optim function. GMP results initialized from the MFVB, Laplace approxima-
tion, GVB, and EP are denoted GMP-M, GMP-L, GMP-G and GMP-E respectively. All meth-

ods are implemented using Rcpp (Eddelbuettel and Frangois, 2011), and RcppArmadillo
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(Eddelbuettel, Francois, et al., 2025) to facilitate comparisons. All computations were per-
formed on a computer with a 2.8 GHz Intel Core i7 processor and 32 GB of RAM to perform

the computations.

5.1 Multivariate normal model with missing data

For this model we perform a short simulation study to compare our MFMP approximation
against unblocked MFVB approximations where ¢(p, >, X ) = q(1)q(2) [Tie s ¢(%i,0,) and
blocked MFVB approximations where g(pt, 2, X () = q(t, 2) [Tie pmq (%40, )- In the simulation
study we conducted 25 replications where p € {4,8,16}, n = p x {3,5,10}, the true covariance
matrix 3 had an AR(1) correlation structure with p € {0,0.5,0.9}, where elements of x; were
missing completely at random with probabilities {0.05,0.1,0.15,0.2,0.25,0.3}. Marginal poste-
rior accuracies of elements of u, diagonal elements of ¥, and off-diagonal elements of 3 were
recorded separately.

Table 1 summarizes the coefficients based on linear regression fits with ABI method, value
of n, value of p, correlation p, and missingness percentages as predictors. This suggests that
the MFMP method is 5.6% more accurate for the posterior mean parameter ; across all
simulations, and is roughtly 3% more accurate for the posterior for elements of X. Increasing
n and/or p increases accuracy of all methods on average, increasing p and or the percent of
missing values decreases the accuracy of all methods on average. The average times where for
the short run Gibbs sampling (0.754s), MFVB (0.004s), MFVB-blocked (0.012s) and MFMP

(0.0095s). Thus, MEMP represents a good accuracy versus speed trade-off.

5.2 Generalized Linear Models

In this section, we compare several different approaches to fitting the Bayesian binary regression
models via probit and logistic regression on commonly used benchmark datasets Breastfeed
(n = 135,p = 10), Ionosphere, (n = 351,p = 33) Spam (n = 4601,p = 58), and Caravan
(n = 5822,p = 86). The dataset Breastfeed is based on the study of Moustaki et al.
(1998) and is available from the website of the book of Heritier et al. (2009). The datasets

Ionosphere and Spam can be found in the UCI Machine Learning Repository (Dua and
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Coefficient [ Diagonal ¥ Off-diagonal X
MFVB 93.85 (0.23)  97.79 (0.29) 95.59 (0.31)
MFVB-blocked | +3.82 (0.16)  +0.69 (0.20) +0.63 (0.21)
MFMP +5.64 (0.16)  +2.89 (0.20) +3.00 (0.22)
Gibbs +5.76 (0.16)  +4.14 (0.22) +4.97 (0.25)
n +0.02 (0.00)  +0.02 (0.00) +0.01 (0.00)
P —0.11 (0.02)  —0.23 (0.02) —0.03 (0.02)
p +2.86 (0.18)  +4.43 (0.23) +6.64 (0.24)
Miss. % —16.08 (0.77) —26.04 (0.97)  —32.14 (0.10)

Table 1: Summary of coefficients based on linear regression fits using accuracy as the response across
all simulation settings grouped by posterior mean pu;, posterior of diagonal elements of 3, and off-
diagonal elements of 3. First row represents baseline accuracy, subsequent rows indicate adjustments
from baseline accuracy. Bracketed values represent standard errors.

Graff, 2017). The dataset Caravan can be found from the ISLR package in R (James et al.,
2021).

Table 2 summarize the performance metrics described in Section 5 for probit models. Addi-
tional results for logistic regression models can be found in Supplementary Material H. However,
these results are similar to those for the probit model case. The MP entry in Table 2 corresponds
to the method outlined in Section 4.4 and generally performs similarly to other Gaussian-based
ABI methods. For probit regression, MFVB is based on Consonni and Marin (2007). For al-
most all models and datasets, either EP or one of the GMP variants are the most accurate
with competitive RMSE’s and Frob. metrics while being tens of times faster than a short-run
of stan. Most GMP-based approximations improve significantly over the respective method
they were initialized with. Occasionally, our GMP method performed poorly due to numerical
instability (see GMP-G for probit regression for the Caravan dataset). GMP is comparable

in speed to other ABI methods.

5.3 Bayesian Lasso regression

Here, we compare MFVB and GVB (described in Supplementary Material I) with GMP initial-
ized with these methods. The parameter A is chosen using the Gibbs sampler described in Park
and Casella (2008) using the prior A2 ~ Gamma(10~4,10%) and taking the posterior mean
of X\ based on 5000 samples after a burn-in of 1000 samples. Table 3 summarizes the metrics

described in Section 5 using the Hitters (n = 263, p = 19) (ISLR package; (James et al.,
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Dataset Method | RMSE(x) RMSE(c) MIN Q1. Q2. Frob.  Time (s)
Breastfeed | stan 0.0093 0.0044 97.6 978 98.2 0.0031 0.768
MFVB 0.0846 0.1910 65.3 68.0 735 0.0615 0.000
Laplace 0.0846 0.0124 88.9 928 951  0.0056 0.000
EP 0.0011 0.0060 96.4 983 99.2 0.0030 0.459
GVB 0.0012 0.0073 96.4 981 99.1 0.0036 0.012
MP 0.0012 0.0037 96.5 98.3 99.2 0.0018 0.000
GMP-L 0.0155 0.0079 98.9 99.0 99.1 0.0035 0.004
GMP-G 0.0011 0.0038  99.3 99.5 99.6 0.0023 0.002
GMP-E 0.0009 0.0038 99.3 99.5 99.6 0.0021 0.001
Ton. stan 0.004 0.003 97.4 979 98.2 0.0012 2.78
MFVB 0.114 0.171 33.5 485 524  0.0170 0.02
Laplace 0.114 0.011 604 79.1 89.1 0.0023 0.00
EP 0.002 0.004 97.0 98.3 98.9 0.0010 0.55
GVB 0.003 0.013 95.7 969 97.3 0.0021 0.12
MP 0.003 0.009 96.5 976 98.0 0.0017 0.00
GMP-L 0.015 0.019 94.3 956 959 0.0034 0.06
GMP-G 0.003 0.013 96.7 97.1 97.6  0.0020 0.03
GMP-E 0.004 0.014 95.9 969 97.3 0.0023 0.02
Spam stan 0.0019 0.0026 96.6 97.8 98.0 0.0004 40.1
MFVB 0.1180 0.0948 2.7 40.2 52.8 0.0051 0.6
Laplace 0.0319 0.0065 75.8 931 96.4  0.0004 0.2
EP 0.0013 0.0056 824 96.8 984  0.0004 2.0
GVB 0.0031 0.0097 80.3 96.1 98.4 0.0007 2.5
MP 0.0031 0.0093 80.8 96.1 984  0.0007 0.1
GMP-L 0.0050 0.0047 96.5 98.6 989 0.0005 1.1
GMP-G 0.0023 0.0033 97.2 99.1 99.2 0.0005 0.6
GMP-E 0.0016 0.0036 96.8 99.0 99.2 0.0003 0.3
Caravan stan 0.018 0.025 95.2 972 97.7 0.023 1653.5
MFVB 0.412 0.604 13.7  55.5  60.7 0.192 1.1
Laplace 0.407 0.109 53.2 944 96.7 0.044 0.6
EP 0.025 0.074 81.1 969 98.0 0.034 3.5
GVB 0.267 0.396 21.2 277 40.2 0.119 6.4
MP 0.455 0.361 18.7 55.8 65.5 0.156 3.9
GMP-L 0.098 0.111 85.4 961 97.7  0.058 8.7
GMP-G 1.100 0.521 0.5 31.2  44.2 0.161 214
GMP-E 0.070 0.098 86.9 97.5 98.1 0.053 7.0

2021)), Crime (n = 2215,p = 98) (UCI Machine Learning Repository; (Redmond, 2002)) and

Table 2: Performance metrics for Probit regression.

Eye (n = 120,p = 200) (flare package; (Li et al., 2022)) datasets.

Table 3 shows that for each dataset almost all marginal posterior density approximations
for both GMP based approximations are nearly visually indistinguishable from those based

on stan whilst being at least tens of times faster than the corresponding short run MCMC

approach.
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Data Method | RMSE(x) RMSE(e) MIN Q1. Q2. Frob.  Time (s)
Hitters | stan 0.0926 0.0177 87.5 94.0 96.1 0.0342 28.94
MFVB 0.0913 0.0144 31.7 69.8 856 0.0197 0.01
GVB 0.0019 0.0075 86.3 89.9 921  0.0099 0.01
GMP-M 0.0024 0.0042 96.8 97.8 982 0.0052 0.03
GMP-G 0.0093 0.0030 97.7 98.6 99.2 0.0038 0.01
Crime | stan 0.0939 0.0041 439 833 894 0.0034 93.60
MFVB 0.0140 0.0033 36.1 820 884 0.0038 0.03
GVB 0.0002 0.0013 79.1 940 956 0.0019 0.03
GMP-M 0.0005 0.0007 95.1 988 99.0 0.0011 0.87
GMP-G 0.0010 0.0007 95.9 99.6 99.7 0.0008 0.60
Eye stan 0.0183 0.0022 948 96.8 97.3  0.0090 34.34
MFVB 0.0138 0.0056 51,5 79.8 833 0.0085 0.33
GVB 0.0013 0.0036 83.3 87.7 88.7 0.0048 0.08
GMP-M 0.0012 0.0058 92.7 93.5 93.7 0.0064 1.95
GMP-G 0.0069 0.0027  99.1 99.4 99.5 0.0042 3.16

Table 3: Performance metrics for Bayesian Lasso.

6 Conclusion

We have introduced moment propagation (MP), a framework for improving marginal posterior
approximations by propagating conditional posterior moment information between parameter
blocks. In conjugate settings, MP identifies variance terms omitted by MFVB and uses moment
matching to construct corrected marginal updates. We developed both mean-field and Gaus-
sian variants, showed exact marginal posterior recovery for linear regression and multivariate
normal models, and established asymptotically correct posterior moments in two-component
settings. Across the examples considered, MP-based methods, particularly GMP, often pro-
duced substantially more accurate marginal posterior approximations than MFVB and other
approximate Bayesian inference methods while remaining much faster than MCMC.

Several challenges remain. GMP can depend on the quality of the initial Gaussian approxi-
mation, and numerical integration may introduce additional cost or instability in some models.
Theoretical properties are currently best understood in conjugate two-component settings, leav-
ing open questions about convergence, rates, and accuracy in more general multi-component
and non-conjugate models. Future work will focus on these theoretical issues, on improved ini-
tialization, stability, and acceleration strategies, and on extensions to richer hierarchical models,

including random-effects and state-space settings.
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Supplementary material to “Moment Propagation”

by John T. Ormerod, Weichang Yu, Mohammad Javad Davoudabadi, & Yuhao Li

This material will appear as an online supplement.

A  Moment Results

This appendix collects moment identities used in the derivations of the MP updates. Sections
A.1 and A.2 are used for quadratic forms appearing in the linear regression and multivariate
normal examples. Section A.3 gives inverse-Wishart moment identities used in the multivariate
normal examples. Section A.4 records block inverse-Wishart identities needed for the missing-
data updates.

Throughout this appendix, dg(A) denotes the vector of diagonal elements, EWV(A) denotes
the matrix of element-wise variances, ©® denotes the Hadamard product, and K, ;, denotes the

commutation matrix.

A.1 Moments for the Multivariate Gaussian Distribution

It is shown in Mathai and Provost (1992) that the s-th cumulant of x” Ax where A is a p x p

symmetric matrix and x ~ Np(u, X) is given by

k(s) =27 1s! {tr{(AE)S} +ul(AD) A .

S

The h-th moment of x” Ax can be calculated recursively using these cumulants via

E[(x” Ax)"] Z - )z', 1 a0 — DE[(x" Ax)’]
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with E[(x? Ax)%) = 1. We can use the above moments to derive

T A )2 T T 2
E|(xTAx)?| =2tr(AZAY) +4p" ASAp + [p"Ap + 0(AD)],
V(xTAx) =2tr(AZAY) +4p”ASAp,  and (19)

Cov(xTAx,x"Bx) =2tr(AXBX) +4u’ AXBpu.

A.2 Moments for the Multivariate ¢ Distribution

The p-variate t-distribution, denoted as x ~ t,(p, X, v), has the density function given by

I'[(v+p)/2] 1 Tl —(v+p)/2
TR de sy 2 L T B X

p(x) = I

where p, ¥ and v are the location, scale and degrees of freedom parameters respectively. The
mean and variance of x are given by E(x) = p (provided v > 1), covariance V(x) = v /(v —2)

(provided v > 2). Fourth moments require v > 4.

Theorem 2.1 of Rong et al. (2012) If x ~ t,(p,aX,b) and A is a symmetric matrix then

2 a2b2
E|(x"A = [2tr(AZAZ) + tr(A%)?
Kx X” (b—2)(b—4)[ r( ) + tr(AZ)?]
dab 9%ab (20)
+ 5T AZ A+ (0T AR + (W Ap)(AT),
V(xTAx) = 20°V’tr(AXAY) | 2a°K[tr(AX)]? - dab TASA (21)
T4 T b-220-4 b2 H
and
2p2 272 T
Cov(x” Ax, x"Bx) 20202 tr(AXBY) 2020 tr(AX)tr(BY)  dab(u’ AXBp) 22

b—2)(b—4) b—2)2(b—4) b—2

provided b > 4.
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A.3 Moments for the Inverse-Wishart distribution

We use the parameterization of the inverse-Wishart distribution to have the following density

det(®)%/2

p(z) = W(d/z)|2|_(d+p+l)/2 exXp [—%tr(\IlE_l)] : H(Z S S;—), (23)
p

where

D) = w04 T e + (1 )/2}
j=1

is the multivariate gamma function.. The following Theorem and Corollary can be found in

von Rosen (1988).

Theorem 3.1 of von Rosen (1988): Let X ~ IW,(¥,d) then

v

i. E¥)=——"—

ifd—p—1>0;
Corollary 3.1 of von Rosen (1988): Let 3 ~ IW, (¥, d) with

Gl=d-p)d—p-1)d-p-3), ¢ =(d—p—2)ca,
d—p—3 and cy = 2
d—p—5)(d—p+1) YT d-p-5)drpr1)

C3 —

Then,

(i) ifd—p—-3>0,

E {22} = (c1 4 c2)¥? + o Wtr(W);
(i) ifd—p—5>0,

E [23:| = (0301 + c3co + c4c1 + 56402)‘1’3 + (20302 + cqc1 + 0402)131‘(‘11)‘1’2
—(csca + 0402)‘51"(\11_2)\11 — 0402(tr(\1'))2\11;

(iif) ifd—p—5 >0,

E [tr(Ez)E} = ca(c1 + c2)®3 + (cqcr + czco)[tr(P))> W

+(cze1 + c3ca + caco)tr (U)W — 2cqcotr (W) W2
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(iv) ifd—p—5>0,
Eb@ﬁ}:%qhmmﬂ+%mu@%+mqq+%@u@%mwx

(v) iftd—p—3>0,

E [tr(X)X] = c1tr(¥) ¥ + 2, P>

(vi) ifd—=p—1>0,

d 1
E[ses]= i e [vee(Ty)vee(T,) " + Ky | and

(vii) ifd—p—1>0,

d . 2

In von Rosen (1988), the coefficient multiplying ¥? in part (i) appears to contain a typographical
error. The expression displayed above is the version used in our derivations. The variances and

covariances for elements of 3 are given by

C(d=p+ 1)+ (d—p — Dty
- [@d-pd—p-1(d-p=3)
245
V(Z;) = d—p—12d=p=3) and (24)
_ it + (d — p — 1) (dinthje + Yietd))
(d=p)d=p-1*d-p-3)

V(Zij)

COV(EZ‘J’, Ekg)

provided d — p — 3 > 0 (see Press, 2005). Note that the element-wise variance matrix for X is

d—p+1)(TOP) (d—p—1)dg(¥)dg(®)"

BV = @ —p— )2d=—p=3) T - d—p— 12— p—3)

whose diagonal elements are

2dg(¥)©?
(d—p—-1)*(d-p—-3)

dg[EWV(X)] =
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A.4 Block Inverse-Wishart identities

In Section 4.3 some identities concerning block inverse-Wishart distributions are needed in the
derivation E,(x; ;) and V,.(x; ar,) needed to update ¢(x; ar;). The update for g(x; ar,) requires
expectations involving the Gaussian conditional regression matrix 3 MiOizéiloi and the Schur
complement .10, = XM, — X Mioi2530i20i ;- The following proposition collects the

Inverse-Wishart identities used in Section 4.3 and Section F.

Proposition. Let X ~ IW,(¥,d), and let M and O be non-empty disjoint index sets forming
a partition of {1,...,p}, with m = [M| and o = |O|. Define X0 = Zym — EvoZooZoM,
and ¥yr0 = $ym — \IIMO\Ilalo\IIOM. The following proposition assumes O # @&. The case

O = & is handled separately in the main text, where 3,0 reduces to Xpsps. Then,
o ~ IWm(¥ar0.d), and  yo0Zg0 | Earjo ~ MNpxo (‘I’Mo‘I’(_)b, Xm0, ‘1’5}))

where M Np,x,(A, B, C) denotes the matrix-variate normal distribution. Consequently,

v
1 1 M|O
E (EMOEOO) = Uuo¥op, and  E(Syo) = 7—

provided d > m + 1. Moreover, for any fixed o-vector x,

Ty—1
-1 x'WoHx
\% (EMOEOOX) I E— 1‘I’M|o-

Proof sketch. The distributional statements follow from Theorem 3 of Bodnar and Okhrin
(2008), after relabelling the blocks. The first two moment identities follow directly. For the

final identity, condition on ¥/ o:
Z10T06% | Zarjo ~ N (r0®50%, (X" 56%) a0 -

The conditional mean is non-random, so the law of total variance gives

Tay—1
1.\ _ (+To-1 _ X Wpoox
V (ZmoBoox) = (" Bo6%) E(Sar0) = T O0% Wy,
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B Proof of Theorems 1 to 3

Recap of MFMP setup

We approximate each marginal posterior of each subvector p(0y | D) with q(6y; Xk) € Q) =
{qx(0k; Ai) + A € Ag}, where each Q is a convenient parametric family of distributions. Here,

we specify {Xk}le to solve the system of integral equations for k =1,..., K:

/quk 0r; Ax) dBk_/Hk/ p(0y | D,0_}) Hq (655 X;)d6; doy,
J#k

®K71
/0k9;%(9k;>\k)d9k = /9k9;/ p(0r | D,6_i) [] a(65; A;) d6; d6y,
J#k
®K71

[s@0a@:x) a6, = [si60) [ p6r|D.6-1) [T a6s57,) 6 6
J#k

Essentially, we are choosing the g;’s such that their respective moments E(6;), E(0;0; ), and
E[sx(0))] match those based on 75 (60x; A_g) = f® (Bk | D,0_k) 12 q(055 ;) dO;. We
mandate the matching of the first and second order moment of each 8, while allowing the users
flexibility to match other suitable moments through si. If no additional moments are required
to be matched, then s;(0;) = 1. To obtain the solution {S\k}ff:l, we iterate through a fixed
point algorithm. More specifically, at iteration 7 = 1,2,..., we update )\,(;) for k=1,....K

such that

®K—l
[ a@x a0 = [0 [ p6n1D.60-0) [T a(6;:27") a6, ae,
Jj#k
0 97 0.: (1) _ T A (=1 )
k0 a1 (013 X)) A0, = [ 0,0, p(6r | D,6_;) ] q(05;A; ) do; oy
ik
K-—1
/Sk(ak)qk(ek,)\](;))dek = /Sk(ek)/ p(ek ‘ D, Gfk) H q<9j§>\§-7—_1))d9j dok
Jj#k
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Auxiliary notations and assumptions

We define notations:

05
T1(0k) = | vech(0,6] )
sk (0k)
and
Up(A) =m(A) = Gp(A), ¥(A)=m(A) - G(A),
where
J T1(61)q1(61; A1) d6y
m(A) = :
I Tr(0x)ar (0x; Ax) dOx

and

S T1601) f% (61| D,0-1) 1,1 4(65; A;) d6; A6,
Gn(A) = :

K—1
JTk(0k) [®  pOx | D,0_x) [jzi a(65; X)) d6; dOx
Denote the solution set by S,, = {A1.x : ¥n(A1.x) = 0}. Also, we denote the full conditional

expectations as

by, (0 -k) = E{Tk(0k) | Dy, 0}

Denote the true value of the parameter subvectors by 67.;. Denote the induced expecta-
tion and scaled variance of any point Ay € Ag by pp(Ax) = [ Orqr(0k; Ax) dOk, I‘,(C")(/\k) =
n {0k — pp () HOk — 1 (M)} T ak (8 Ak) d6, and Ug(A) = 107 () + s (M) (A) T
The theorems presented in this section may require only a subset of the following list of as-
sumptions. The required assumptions for each theorem is stated in their respective technical

statements.
(A1) The variational parameter space Aj.x = A X ... X Ak is convex and compact.

(A2) There exists a unique 7.5 = (07,...,0%) € © and sequence €, — 0 such that

]P)*
p([01.x = 01.kll > €n | Dn) — 0.
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(A3)

(A4)

(A8)

Moreover, there exists functions {h%(-)}/£, such that h}(8*,) = Ty(6%) and

supg_, co_, Ihrn(0—r) —hi(0_)|| = Op(en), forall k =1,... K.

The sequence of maps {W¥,, },>1 is continuous in A1.x € A1.x. Moreover, the sequence of

solution set &, is non-empty almost surely.

There exists a unique AJ.x € Aj.x that satisfies

K—1
[ TeO0a@x a6 = [ hio-) I] a0 d6;.
itk
for all k = 1,..., K. The integral [ Ty(0k)qr(Ok;-)dO is continuous in Ay € Ay and

J

®K71

hi(0_) 1,2, q(0;;-)dO; is continuous in Ay € A_.
Denote

T(A) =m(\) — G\

where
®K71h*0 ) 0.:)\;)dO.
/ 1( _1)1_[3751(]( 3 Aj) dO;
G(A) = :

K-1
IO h5(0-k) Tz a(055 A;) d6;
For every sufficiently large w > 0, the following lower bound holds: infy, , g, @) [[®(N)]| =
M€, where G, (w) = {A1.x € A1k ¢ || Ak — ALkl > wen}, ATk is a point in Ay.gx

such that W(A}.x) = 0, and limy_,o M, = cc.
pp(A5) = 05 and Up(A;) = 0:0% " forallk=1,..., K.
The marginal posterior distribution of the localized parameter z;, = \/n(0;—80j,) converges
in total variation distance to a centered Gaussian distribution:

DTV {p(z | Do) [MVN(0, V})} =5 0
where V7 is a strictly positive definite asymptotic covariance matrix. Furthermore, we
assume the scaled posterior covariance converges: nVar(0y | Dy,) LN Vi.

The full conditional mean my,, is continuously differentiable with a bounded Jacobian
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matrix in B_y = {0_j : [|0_p — 0% ;| < R}. The full conditional variance is bounded
|wWin(@—p)|| < Mprior for all 8_, € ©_;. Moreover, for all §_;, € B_j, the following
expansion holds: wp,(0_1) = n 1@, (0_ k) + r(0_1). The function @y, is strictly
positive definite and twice-continuously differentiable with a bounded Hessian matrix,

and the remainder satisfies supg_, cp_, || - 14(60 %) — O almost surely.

(A9) For each n, the pair of functions Ag — (p(Ax), I‘,(Cn)()\k)) defines a unique mapping be-
tween the variational parameter space Ay and the location-variance space. Furthermore,
this mapping is a twice-continuously differentiable diffeomorphism in an open neighbor-
hood of A with a nonsingular Jacobian. Moreover, the limit I'j, := limnﬁooF,(Cn)(Xk) is

strictly positive definite and has bounded eigenvalues.

Condition (A1) is necessary to guarantee the existence of a solution under most versions of
fixed point theorems. This assumption required to establish uniform convergence of the finite
n fixed point conditions to their respective limits. Condition (A2) assumes the exact posterior
is consistent at rate €, and the expectations of the full conditionals are uniformly convergent.
Condition (A3) is guarantees the existence of a sequence solutions to the finite n fixed point
equations. Condition (A4) assumes the uniqueness of solution to the limiting fixed point prob-
lem. Condition (A5) is an identifiability condition on the unique solution to the limiting fixed
point equations. Condition (A6) is required to ensure that the solution to the limiting MFMP
system of integral equations corresponds to a dirac mass on the true value. Condition (A7)
ensures that the individual K exact marginal posteriors exhibit a Berstein-von Mises property
and is required to establish asymptotic normality of the MFMP posterior. Condition (A8)
is a smoothness assumption on the full conditional mean and variances. Condition (A9) is a
smoothness assumption on the mapping between the variational parameters and the location-
scale space. (A8) and (A9) are essential for proving asymptotic equivalence between the MFMP
posterior variance and the exact posterior variance. Condition (A10) assumes that the choice

of approximating distributions admit an asymptotically normal form as n diverges.
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B.1 Statement and proof of Theorem 1

Assume (A1) to (A5) holds. Then, there exists a sequence of {n;}{°; such that S, # 0.

Moreover, there exists a corresponding sequence of solutions {XYL;}) }e=1 such that

A — ALl = Oplen).

Proof 1 The existence of an increasing sequence {n;};°, such that Sy, # 0 follows from (A3).

Consider the event {Xi";() € Gn,(w)}. Then, since \I/nl(ii";()) = 0, the event {Xi"}{) € G, (w)}

implies the event

Then,

o |3 (m) " NK &
P (AK€ Gue)] <P (IR - 2 RN = Maen |

<P {supy, cen, [T OLK) = Ty (Ar) | 2 Masen, } -

From Lemma 1, for any § > 0, we can find a (w, M,,) pairing such that
P* {XE";() € Gn, (w)} <P* { sup || (Ax) — ¥p,(Ark)|| > Mwem} < 4.

ALKEALK

Hence, | A1.x — No.xll = Op(€n) as required.

B.2 Statement and proof of Theorem 2

Assume (A1) to (A6) holds. Then, for any € > 0,
* P
P ) {16 — %] > e} — 0.

Proof 2 By the continuity of [ 0kqr(0k; Ax) dOy and kaBEqk(Ok;)\k) do, in A\, € Aj as
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assumed in (A4) and Theorem 1, we have (by CMT):

s (N) — /9ka(91@;>\2) ey, = 6y,

and
Ui(A) = /91@91?%(9%)\2) o, = ;01"
Hence
Ir™x) 5o
Then,

P, a 10x =051 > <P 5 {10k — Bl > ¢/2} + T{ | (X) = 03] > ¢/2} .

Now, by Chebychev’s inequality, we have

P 4tr(V ~ (6]
p) Op~ SA P*
0k (A% {Hek ()| > 6/2} = : ?2( 2 — 0.

Moreover, by (A6), we have
~ ~ IF)*
e (An) = O3l = [l (An) — pg (AR — 0,

where the last stochastic convergence holds by CMT. Hence, we have proved our required result.

B.3 Statement and proof of Theorem 3

Assume (A1) to (A9) holds. Then, for each k = 1,2, we have
IBkn = Viall = Op(n™2),
where Vi, = Vy9,10,)(0k | Dn).

Proof 3 Consider the sequence of MFMP solutions {Xl(cn)}nzl and their corresponding location-
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scale map
(), )<
{3 T ) bt

For notational brevity, we will write shorthand py,, = uk(i,i”)), Tip = I‘,E:n)(j\,(cn)), and X, :=

%r,ﬁ”)(xg)). Now, by definition of the MFMP solution

Ypn = Var. ( .Xw))(@k)

Te(HA g

= By [wia(0-0)] + Var,_, [my,(0-1)]

@3) = [p(Ok | 0_1,Dp) q(0_1; A

integral Eqy_, [win(0_)] using neighbourhood B_j,:

where we recall that ?k(B,k;X (,n;z) d6_y. We decompose the

~(n ~
Eq ,win(0-1)] = ; wlm(e—k)qw—k;)\—lz)de—k‘|‘/Bc Win(0—1)q(0 -1 A

"y a0 . (25)

Due to the upper bound of wy, from (A8), we can write

/C Win(0_1)q—r(0_k)dO_, < Mprior/Bc q—r(0_1) dO_y
"k

—k
<~(n)
My B [Hek ONRIE
<
. (R7/2)!
= Op(n_g)

= Op(n71)7

where we write q_(0_r) in place of q_(0_k; 5\,(:)) for notational brevity. Hence

Eq_,lwin(0-1)] = ; Win(0—1)q—k(0_) dO_ + 0p(n~1).

To complete our analysis of Ey | [wrn(0_k)], it remains for us to analyse the first term in the

RHS of equation (25). In fact, by (AS8),

Win(0_1)q—x(0_1) dO_,
B_j

<nt ; Wkn(0-1)q—1(0_1)dO _ + . r1(0_1)q—r(0_x) dO_y
—k —k
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Now,

[ w6-ar®-0 0] < [ rn(®-0lla-1(6-1) A6 = 0,0 ™),
B_y B_

where the last stochastic convergence equality follows from (A8). To understand the asymptotic
behaviour of the term n™! fB_k Wi(0_k)q—r(0_1) dO_j, we consider an elementwise second-order

Taylor’s expansion of Wi,. In particular,

‘Bknj(g—k) = ‘Dknj(/'l'—kn) + Ve_k‘:’knj(“—kn)(g—k - H’—kn)

82~ i .
+3(0-k = 1) 5555 (0-k) 0k — Bopn),

where we use the shorthand notation p_y, = [0_ q(G_k;X(,n,z) d0_yj,. Hence, for each entry

Win;(0_k), we have
Wi (0-1)q—1(0_k) dO_
B_j

= Whnj(U_gn) + Ve_k‘:’knj(“—kn)/s Ok — p_p)q—1(0_1) dO_y,

—k

%Wkni
+1 /B 0k — M—kn)TWSQi(G%)(G% = Mk )0k (0-k) A0
—k N

Now,

0= /3 (0—k = Bpn)q—k(0—1) dO_ + /BC (O—k — B pn)q—k(0—1) dO_
—k “k

and hence

H/ (O — B_pn)q—k(0-) dO_|| = H/ (O— — H_pn)a—r(0—k) dO_|| .
B_ B2,

Following Cauchy-Schwarz inequality, we show that

H [ 6= n)an(6-) oy
Bik

< [Nk Ok € B Y (6-1) a6

O_k
< B 10— il [, 0s02) 0= o0
“k

E[0_j 1 gnllt]
= (R/2)7
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Following (A8), each Wyy,; is twice continuously differentiable. Hence there exists a constant M

a%knj (H,k)

such that 50 500

< M forall @_p € ©_p. Thus,

82~ i —
/. O i) g B0k~ ) 0

< M/B 10—k — p_nl|Pq-r(0—k) dO_j, < Mtr(Z_y,) = Op(n™ 1),
—k

where the last stochastic convergence follows from an implication on (A9), i.e., || _gnl =

Op(n~1). Hence, we have

/B Win(0_1)q_1(0_1) dO_j = ' Bpn(1_y) + 0p(n ).
—k

Furthermore, by delta method, it is straightforward to show that

Vq_k[mkn(efk)] = vefkmkn(“—kn)TE*knvgfkmkn(“—kn) + Op(nil)'

Moreover, since £_, = Op(n~1), hence Var,_, [mg,(0_k)] = Op(n=1). Thus, we have shown
that

nzkn - (:Jkn(p’—kn) + vefkmkn(u—kn)—rsznvefkmkn(/“l‘—kn) + Op(l)' (26)

Next, we analyse the asymptotic behaviour of the exact posterior variance Vi,. By similar
application of Taylor’s expansion and delta method in the preceding segment of this proof, we

can also show that
nV;m = ‘:’kn(etk) + Vgikmkn(Otk)TV,anQ#kan(eik) + 0p<1). (27)
Hence, by combining (26) and (27), we have

)| Zkn — Vil

+ Vo My (B_pn) ' B kn Ve, Mpn(B_py) — Vo, My (0% ,) 'S 1, Ve ,my,(0%,)].  (28)
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To bound the first term on the RHS of (28), we note from (A8) that Wy, is twice continuously-

differentiable and Lemma 2 that ||p_y, — 0% 4| = Op(n="/2). Hence

1©kn (10— kp) — @rn (0 1)l

< 50 Vot + (1 = 0871t = 674l = Opln™"7%).
€ )

=0,(1)

Moreover, we can bound the second term in (28) as

Vo, M (1) " E_n Vo, M (k_g) — Vo, M (0% 4) 'S, Vo, my (07|

< IVo_mpn(p_yn) = Vo_,mpn (07 ) [ Z—pn || Vo, Mk (b _gn) + Vo_,mpn (07 )]

:Op(l)

+IVe_,mpn (0% )P IZ—kn — Vi
Following the twice-continuous differentiability of my,, in (A8) and Lemma 2, we have

1Vo_,mpp(p_p,) — Vo_,my, (6%,

< s Vo ot (tre_so + (1= )07 [l 15— — 05411 = Opln1/2).
€ )

:Op(l)

Moreover, recall from Lemma 2 that ||E_g,|| = Op(n~1). Now, by following similar steps as

above, we obtain

N _gn — V_iall
< Op(n™ ') + Vo m_pon (1) — Vo, e (O1) || Zin 1|V o, o () + Vo, 01 (07|

+ {1V, mjon (00)|*Zn — Vi (29)

By (A7) and Lemma 2, we have |[Zg,|| = Op(n™1) and ||[Vi,| = Op(n™t). Hence, a crude

stochastic convergence order for | Z, — Vi is Op(n™1). Hence, ||Z_pn—V _gnll = Op(n=3/2).
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Consequently,

|v9—kmkn(y’fkn)—r2—knv9_kmkn(p’fkn) - ve—kmkn(aik)TE—kRVG_kmkn(etk)| = Op(n_g/Q)'

Hence, substituting the previous equation back into (28), we have

as required.

IBkn = Viall = Op(n™7?)

B.4 Supporting Lemmas

Lemma 1 Assume (A1) and (A2) holds. Then,

Proof 4 Denote

where

For any )\I:K € AI:K;

W0 (Arx) —

sup || Wn(A) = TA)[| = Op(en).

ALKEALK
@(A) = m(A) — G(A)

K—-1
JE hi(0-1)T141 9(05: A;) db;

K—1
f® h}(@,K) Hj;éK Q(9j§ }‘j) do;

TArr)l = [[Gn(X) = G|

K
g}j/wmwk»—mwkaI«%Aﬂw

J#k

<Y s (6 6-)ll [ TLa6s5x,) db

k=10-1k€EO_k j£k

=1

—Z sup - [y (60 k) —D7(0-1)]l,
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where the first equality follows from the definition of ¥, and ¥, the second inequality follows
from the definition of G,, and G and then an application of triangle inequality, the third in-
equality follows from taking sup over @_j. By noting from (A1) that Ay.x is compact and the

above upper bound doesn’t depend on Ai.x, then

K
sup (| ¥n(Auk) = Tkl < D sup [y (0-k) — hi(0-x)ll = Op(en),

ALKEALK k=1 0_,€0_4

where the stochastic convergence order follows from (A2).

Lemma 2 Assume (A1) to (A6) and (A9) holds. Then, for each k =1,..., K, we have

(M) = O3l = Op(n~?)

and
IAE A0l = Op(n ™).
Proof 5 Following Theorem 1, our sequence of solutions converges as | Ay — Ni|| = O, (n=1/2).

Following a straightforward Taylor’s expansion, and applying the convergence rate of ”/A\k =Xzl

we have

i) = D < IV Ak NDIING = ALl + 0p(n™?)

and

loee(TY) (M) — vee(TY AN < IV a,vee @ D NIk = Xl + 0p(n~172).

From (A9), the map A, +— (uk(Ak),Fén)(Ak)) is twice-continuous differentiability. Hence,
the two matriz norms of the first-order derivative are bounded: ||V, pp(AL)| = O(1) and

||V,\kvec(1"lgn)()\z))|| = O(1). Hence, by (A6), we have

i) = D = Nl (Ae) = O3] = Op(n~1/?)

and

lvee(TV (X)) — vee(TL (N = Op(n~2).
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Thus have

loec(ZT (X)) || < 2 [loec@{M () — vee@ (AD)]] + Lllvec(TE (AR)| = Op(nY).
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C Implementation details for GMP

This section gives implementation details for Gaussian moment propagation. Section C.1 shows
how the local quantities required for r4(f;) can be computed efficiently from precomputed
quantities n = Xp € R*, M = XX € R™P and s? = dg(XZX7”) € R". Section C.2
derives the Gaussian joint update after replacing a marginal distribution. Section C.3 proves
positive definiteness of the resulting covariance matrix. Section C.4 shows how to update the
precomputed quantities 17, M, and s after each coordinate update. This reduces the cost of
the updates and downdates from O(np?) to O(np + p?) for each coordinate k.

For simplicity in Section C.1 and Section C.4, because this is the case used in Sections
4.5 and 4.6, we describe the implementation for scalar coordinate updates. Block updates are

analogous but require block-matrix versions of the same formulae.

C.1 Efficient downdates
The calculation of (17) involves the quantities
e a=23_41/Skk,
 b=p_;—auy,
e c=X;+ X_;a,
e d=X_;bg, and
. 52_k|k = dg(X_;Z_j, XZL,) where _y; = B_j _j — Sy paal

need to be calculated for each £k = 1,...,p and each iteration. If calculated naively, this
would cost O(np?) per index k and for each iteration, making it the most expensive cost of the
algorithm for a total cost of O(np3). The vectors a and b can be calculated in O(p) time and
do not need to be considered further.

Suppose that 17, M and s? have been pre-calculated. We first note that

N =Xppp + X_pp_p-
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Hence, X_pp_;, = n — Xgup. Next, we let

Ykk  Xk—k
=[x
Y kk Xk—k

= { XpXpp + X pXpp XpDp p + X g X gk ] = [ M, M_y ]

where My, and X, are the k-th columns of M and X, respectively. Hence, X_;¥X_;; =

M, — X2 k. Next, we consider
MXT = X 55 1 X7 4+ X 42 g1 XF 4+ X2 1 XL, + X 12 x XD,

and hence,

s? = Ekka%Q + Q(kasz,k) O X + dg(X,kE,k,,kXZ,J
= EMXEQ + Q(Mk — szk,k) ®Xe + dg(X_kS_ky_szk)

=2(My, © X)) — S X2 4+ dg(Xx 2k 1 X1,)

so that dg(X,kZ,ky,szk) =s?+ Eth,?Q —2(My ® X). We can then calculate the vector

c via
¢ =Xp+X 1 X px/Skk

=X+ (My, — XpZp k) /S k
Hence, when M is available the vector ¢ can be calculated in O(n) time rather than O(np) time.

Next, we consider the vector d. We have

d =X_p_p — X 3 X g ppr/Skk
=1 — Xppr — (My — X3 Xp ) i/ S i
=1 — My (ur/>kk)

=1 — cit.

Hence, when 1 and M are available we can calculate d in O(n) time rather than O(np) time.
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Lastly, we have

= dg(X B g1 X_p) — dg(X 1 Z_p s Ty 1 -k X 1)
=g? + thXgQ — Q(Mk ® Xk) — (Mk — szk’k)QQZ];}c
-

=s’-M,Oc¢

so that if Ml and s? are available, then sz_k|k can be computed in O(n) rather than O(np?) time.
Thus, using the precomputed quantities n = Xu, M = XX, and s? = dg(XXZX7), the local

GMP quantities are

bzy'fk_a;uk" C==—"» d:'l’)—C[Lk,

2 2 o2 2
and STk =8 — My /Epr=s"—M;Oc.

C.2 Updating joint Gaussian with new marginal distribution

Without loss of generality, suppose that we have partitioned the parameter vector 8 into K = 2
components (01, 02) with ¢(0) = ¢(0—pu, X), where p and X have been partitioned conformably
with the partitioning of 8, i.e.,

7 Y1 X2
o= ! and > =

o o1 Yoo
Suppose that, through an MP update (or otherwise), ¢(01) = ¢(61 — 1, X11) is updated and
replaced with §(61) = ¢(81 — fi;, 1), with new (marginal) mean and covariance fi; and %,
respectively. Let q(0) = ¢(0—p; f]) denote the updated joint distribution obtained by replacing
q(0) with

q(0) = q(02]61)q(01)
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and the updated mean and covariance g and > is partitioned as

m ~ S i
n= ! and Y= _ N
Ho o1 X

Note that q(02]01) = (82 — (pg + Zo1 277 (01 — 11)), Xoo — T21 277 B12). Then

By = Eg(el)[Eq(GQ | 61)]
= B0, 1 + Ea 2 (61— py)]

= o+ Zn 25 (B — py).

Let dy and dy be the dimensions of @1 and 85, respectively. This calculation can be performed

in O(d3 + dady) time. Similarly,

- I[435(6’1)(22|1) + Vg(el)[ﬂz +Z0 X (01 — )]

=3y + 22121_11§121_11212-
The update of Xoy costs O(d? + d2d,) time. Lastly,

Sio =By, By {(61 — E(61))(8: — E(6:))" | 61 }]
= Eg0,) {(91 — ) (22121_11(91 - ﬁl))T]
= Egq, (61— fin) (61 — fin) "] Z1y' 2o
=220,

The update of 319 costs O(d3 + d3dy) time.

C.3 Proof of Theorem 4

Proof 6 Let

_ A CT _
> = ,  where A =X

C D
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Since A is positive definite, > s positive definite if and only if its Schur complement D —

CA~ICT is positive definite. In the GMP update,
C=3u37'S1 and D=3y +I3 'S5,
Therefore, D — CA7'CT = 3o)1. Since X is positive definite, its Schur complement
o = B2 — T B Bio

is positive definite. Hence, > s positive definite.

C.4 Efficient updates

Here we concern ourselves with maintaining the quantities 7, M and s? after the updates in
Section C.2 have been performed. Using earlier notation

s p_p=au,+b

J ik,*k = ikaT, ifk,k = ika, and

« B k=3 +Xraal =2 4 4+ (Z — Sgp)aal.

T

. > 0 - a a
5= lk >h
0 0 1 1

Thus, for a scalar coordinate update, assuming 3 _j;, is available, the joint mean and covariance
can be updated in O(p?) time.
Define n = Xp, M = X3, and §2 = dg(Xf]XT), where p and 3 are the updated mean and
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covariance matrix after the updates in Section C.2 have been applied. To update 77, we have

n = Xppp + X gy
= Xip + X gty + Bk S (T — )]
=1+ Xi(ir — ) + (Mg — XgZpp) S 1 (Br — o)
= n+ M.S; (i — )

=n+ (fik — px)c

where the right-hand side costs O(n) to calculate. Next we have

Mk = ink + X—ki—k,k, and M_k = ink,—k + X_kg_;%_k.

Note that using the above expressions directly costs O(np) to calculate My and O(np?) to

calculate M_k. Dealing with Mk, we have

Mk = Xk;ik + X_kz_hkx,g}jk
= M2, 15

= Cik.
This costs O(n) time to calculate. Next, we consider M_; given by

M, = inkE,;iEk,_k + X g [Zk okt E_k,kE,;k(ik — Ek,k)zgkzk,—k]

= (ikzﬁ)xkzk X X gk (Eﬁ(ik — k) S p) Xk Dk Dk

(Zkzk k)Xka —k+ Moy — X By g+ (2 RO Ek,k)ziz}g)(Mk — X Xkk) Bk, —k
=M_; +(Z i — S ) MiZg p
=M_;+ (54 — 1)1’\71k2k7,k

which uses X_;X_; = M_j — X33, and X ;3 _; . = My — XX ;. This term costs
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O(np) to compute. This is optimal, as M_j is an n x p matrix. Lastly, we have

§2 2<Mk ® Xk) - ikX?2 + dg(X,ki,k’,kXZ,J

2(M, © Xy) — S X% + 8% + Se(X 4B gDy p)

+El;iik2];k1\/[%2 — 2fjk2,;i(Mk o Xp) + ikX?Q

which can be calculated in O(n) time.

Thus, we can update 7, M and 32 via
1 =n+ (. — e, M, = ¢y, M_,=M_;+

and 82 = S%k‘k + 1/\7[?2/5%

Therefore, for each coordinate k, the local quantities required to form r(6x) can be obtained
in O(n) time once i, M, and s? are maintained. Updating the Gaussian mean and covariance
costs O(p?), while updating 1, M, and s? costs O(np). Thus the deterministic algebraic cost of
a full sweep over p coordinates is O(np? + p?), excluding the cost of normalizing and integrating

the one-dimensional local densities.
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D Additional details for linear models example

In this section, we provide detailed derivations for all of the material in Section 4.1. Through-
out this section, IG(a, b) denotes the inverse-gamma distribution with density proportional to

r7% Lexp(—b/z), so that

D.1 Exact posterior distributions
The full conditional distributions are given by
Bly, o ~ N, (uB,uoc®(X"X)™) and 0%y, B ~1G (A+S(n+p),BB)),  (30)

where B(8) = B + |y — XB|? + 5.87XTXB, B = (X'X) X"y, and u = g/(1+ g).

The exact posterior distributions for 8 and o2 are given by

. [ B+ 252
Bly ~t(up, (25274 ) y(XTX) 2440, and
Atz

~2
o?ly ~1IG <A+Z,B+ng“>,

where
g2 = =l lyll* —uy" X(XTX) "1 XTy]. (32)

1
u n

2

2 converges to the maximum likelihood estimator for o.

Note that as ¢ — o0, &

D.2 MFVB for linear models

The MFVB approximation for the linear model corresponding to the factorization ¢(8,0?) =

q(B)q(c?) has ¢-densities of the forms:

Q(B) = Np(ﬁ’7 2) and Q(UQ) = IG(‘?L E)a
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where the updates are given by equations (33) and (34) in Algorithm 1 which summarizes the
MFVB method for the linear model. Note that the distributional form for ¢(8) comes directly
from (2), while the true posterior follows a t-distribution. Hence, for any factorized g-density
MFVB cannot be exact for this model.

For the linear model described in Section 4.1 we use the g-density factorization ¢(8,0?) =

q(B)q(c?), the updates for ¢(8) and q(c?) are derived via

a(B) o< exp [Eyo) { — 5= ly — XBI? - 587 X"XB}|
o(exp[ {TXﬂ 1+1/gBTXTXﬁH

202

=N, (B =uB, = =u(B/A)X"X)"!) and
q(0?) ocexp |~ (A+ ™52 +1)log(0?)
By {B+ Ly — Xl + LaTXTXE + Lt (XTXS) } o]
=16 (A= A+ B=DB+ Ly - Xa|* + LA"X" X + L tr (X'XS))

noting 1 +1/g = 1/u.

Algorithm 1 MFVB for the linear model
Require: y e R", X e R"*?, g >0, A > 0, and B > 0.

1: Calculate algorithm constants via (32).

2: Initialize variational parameter A = A + #(n +p) and B=B+ Lyl
3: repeat
4 Update ¢(8) parameters:

~ -~ = B
o uf; DR i u(XTX)! (33)
5:  Update g(0?) parameters:

+p

~ ~Xul?2 a'XTXp  tr(XTXZ
A<_A+T B<_B+||y uH+u u+r( )

2 2g 2u

6: until convergence criterion are met.

D.3 Derivations for MP - Approach 1

We consider the moment propagation approximation where ¢(8) = N(p,X ) and q(0?) =
IG(/I,E). These are precisely the same distributional forms as MFVB. However, the up-

dates for the g¢-density parameters is different. For the update of ¢(8) using the fact that
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Bly,o% ~ N(uB,oc*u(XTX)™1), we equate

E.(8) = EE(B|y,0%)] = upB (35)

V. (B) =Eq[V(B|y, o) + Vi[E(B |y, o)) = = 1u<XTX>‘1 (36)

with E,(8) = f1, and V,(8) = =. Hence, by matching (35) and (36) with E,(8) and V,(3),

respectively, and solving for g and 3, we obtain the update

f—uB and i(_ﬁ 1u(XTX)_l.

Similarly, for the update of g(0?) since o2 |y, 8 ~ IG(A + 1(n +p), B(B)) we have

B(0%) = B/[E(0? |y, )] = Lol
2

VT(UQ) = Eq[V(Uz |y, B)] + Vq[E(U2 |y, B)] (38)
_ B(B)* B(B)
=K [(A+’12+1’—1)2(A+"2“’—2)] Ve LH-";”’—J
E, [B(B)I’
(A+ ™2 _1)2(4 + 2f2 — 9)
1
(A+ 2 —1)2(A 4 222 2) " (A+ 232 —1)2
E, [B(8)]* v, (B(B)]

(A+ ™2 —1)2(A+ 282 —2) (A4 22 —1)(A+ 222 - 2)

and (37)

_l’_

1 Vq [B(B)]

Note that u and B(8) are defined in Section D.1. Next,

PIXTXp  tr(XTXE)
+
2g 2u
ﬂTXTX,B
29

B [5(B)] =B+ yly - Xal” +

VAIB(B)] =V, |B+5ly — X8I+

=V, [%BT(u_leX)ﬂ - yTXﬁ}
= ¥, [(8— uB)T(XTX)(8 — uB)]
tr[(XTXE)?
a 2u?

In the derivation of V,[B(8)] above, the first line absorbs constants into the variance operator,
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the second line completes the square in @, the third line takes constants outside the variance
operator, and the last line follows from the variance formula for quadratic forms of multivariate

normal variables, i.e., equation (19).

Hence, by matching (37) and (38) with E,(0?) and V,(c2), respectively, we obtain the following

equations

) B > ) B? )
E,(0%) = = =[E,(0?) and  V,(0%) = —= = = Vy(o%).
A-1 (A—1)2(A-2)
Solving for A and B leads to the update
~ . [E(o?)) i 2
A 2 B+~ (A-1E
V(02 A= V) (39

The MP approximation can then be summarized via Algorithm 2.

D.4 Fixed-point properties of MP Approach 1

Result 1 Leta = A+n/2 and b= B+no2/2. Assume a > 2. At any admissible fized point of
the moment conditions (40)—-(46) of Algorithm 2, the propagated posterior mean and variance

of 02 are

b B +no2/2
r() a—1 A+4+n/2-1 and V(o)

EXOP [, b2

A+ (n+p)/2-2 A+ (n+p)/2-1

respectively. Furthermore, p* = uB, and = Ef(0?)u(XTX)~1. Hence the MP approzima-
tion gives the exact posterior means of B and o2, and the exact posterior covariance matriz
of B. However, the propagated variance V;E(UQ) is smaller than the exact posterior variance
V(o?ly) = [E(e?|y)]?/(A+ n/2 — 2). For fized p, the ratio Vi(c?)/V(o?|y) converges to 1
as n — oo. Thus, Algorithm 2 recovers the exact first posterior moments and the exact co-
variance of 3, but it still underestimates the posterior variance of o by a term that vanishes

asymptotically for fixed p.
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Algorithm 2 MP for the linear model: Approach 1
Require: y e R" X e R"™? g >0, A>0,and B > 0.

1: Calculate algorithm constants via (32). B
2: Initialize variational parameters: A = A+ 1(n +p) and B = B + 252
3: repeat o
4:  Approximate posterior moments of B assuming ¢(0?) = IG(A, B), where u = ﬁ:
3 B Txe\—1
E,.(B) < uB; V.(B) + - 1u(X X) (40)
5. Update ¢(B) parameters via moment matching
B E.(8); X V.(8) (41)
6:  Approximate posterior moments of ¢® assuming ¢(8) = N(j, 2):
E,[B(B)] B+ 3lly — Xa|* + £" X" Xp + 55tr(X"XE) (42)
tr[(XTXX)?]
v, B(8) « TEZH] (43)
E,[B(8)]
E, (o2 el 44
(o)« gt (44)
E,[B(B)]” Vq(B(B)]
VT 2 q q 45
(o) (A+ ™2 —12(A+ 52 —2) " (A+ 22 —1)(A+ 2 —2) (45)
7. Update ¢(0?) parameters via moment matching
T [E,(0)]? > 2N (A
AW L9 B R (02)(A-1): 4
ST e Ben@d-) (40

8: until convergence criteria are met.

Proof: At a fixed point of Algorithm 2, the left-hand sides of the assignments are equal to

the corresponding right-hand sides of equations (40)—(46). This is equivalent to the following
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system of equations where g = uB and ¥ = %U(XTX)_Il

E B(B)] = B + 3lly — Xa|* + g;n" X Xf + 5;tr(X"XZ),

Vo BB) = g tr [(XTXE)?]

2u?
(02) — EQ[B(ﬂ)]
" A+
V. (0%) = Eq[B(B)] N Vq[B(B)]
' (A4 232 —12(A+ 52 =2) (A4 22 = 1)(A+ 5P = 2)
7 _ [Er(o?)]? T
A=1" +2, B=(A-1E. (6

Substituting & and 3 into the expressions for E,[B(8)] and V,[B(8)], we obtain

E([B(B)] = B + 3nG., + ipEr(0?)  and V. [B(B)] = ip[E.(c?)]?
which follows from the facts that

ly = Xgl® + ¢ 'a"X"Xp = na;,

u

w Tt [(XTXZ)] = <11 )p = pE,(0?)

5\
u P [(XTXR)?] = <~ ) p=p[E (%)

B\ _pg (2
(A— 1) =E,(c7).

Substituting the above expressions for E,[B(8)] and V,[B(8)] into the equations for E,(c?) and

V,(0?) we obtain

-2
_ B+ "3+ 3pE.(0?)
- +
A+ P -1

2 2 (47)
B+ "5t + IpE,(0?)] 2[E,(02)]?

V?" 2 = .
(") (A+”T“’—1)2(A+”T+p—2)+(A+”TJ”"—1)(A+”TJ””—2)
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Solving (47) for E,(0?) we obtain

2
B+ 2u
E (o) = 2
A+5 -1
which is the true posterior mean of o2. Furthermore, since the expression for E,.(c?) is exact,
the expression for E,.(8) is also exact. Substituting E,(o?) into the expression for V,.(o?), after

simplification, we obtain

=2

1 p B+ 2

Vi(0?) = s (1 sy ) 2
A+T5E 2 A+ 1) (A+5-1

From this, we can obtain expressions for A and B at convergence of Algorithm 2. However, the

expressions A and B do not seem to lend themselves to additional insights.

The exact posterior variance is

~ 2
1 B+ %3«
V(o2 |y) = 2 .
(e 1y) A+§—2<A+g—1)

To see the underestimation explicitly, write t = p/2. Then

Vi(e?)  (a—2)(a+2t—1)

V(e?|y) (a+t—1)(a+t—2)

Since

(a+t—1)(a+t—-2)—(a+2t—1)(a—2)=t(t+1) >0,

this ratio is less than one for p > 0, and tends to one as a — oo with p fixed.
Thus, Approach 1 corrects the posterior mean of o2 and the posterior mean and variance of
B, but it does not recover the exact marginal variance of o2. Approach 2 resolves this by using

a multivariate ¢ approximation for ¢(8), matching the heavy-tailed exact marginal form.
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D.5 Exact recovery for MP Approach 2

Now we have ¢(8) = t,(ft, 2, 7) and q(6) = IG(A, B). To derive the update for 8 we first note
that 8|y, o2 ~ N(uB,o2u(XTX)™!). The mean and covariance of r(8) are E,(8) = uf3, and
V. (B) = (B/(A—1))u(XTX)"! as before. The corresponding mean and covariance of ¢(3) are
E,(8) = r and V(8) = (7/(¥ — 2)). Hence,

Let Q(8) = (8 — )™ (8 — ). Then (20) implies

;2 2
B QY] = (g

The fourth moment exists provided 7 > 4. We want to match this with E,.[Q(8)?] where

B = (525 (ﬁ) (8~ uB)" (wxX"X)") " (8~ uB).

Then using (19) where we replace ¥ with o?u(X?TX)™!, p with 0, and A = [u(XTX)"1]7! we

obtain
E[Q(B)?] =E,Q(B)*|D,0”

~ 2
() () e
7 A-1\1 B2
(5—2)< 5 )] @) T a—y
(5222)2> (%:;) (2P+P2)-

Equating E,[Q(8)?] with E,;[Q(8)?], we have

2(2p+p?) 72 A-1
G- -4) <(17—2)2> (A-z) @+
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which, after cancellation and rearranging, yields

Solving for 7, we obtain 7 = 2A4. Hence, the update for q(B) is given by

. - B L
o< uf; Y« ju(XTX)_l; and 7 <+ 2A.

Similarly, for the update of g(0?) since 02 |y, B ~ IG(A + 3(n + p), B(B)), we have

o ey B
2
E, [B(8))" v, [B(8)]

+ .
(A+ T2~ 12(A+ 52 —2)  (A+ T2 —1)(A+ 2 2

V.(0?) =

Next, using (21) we have

" XTXp 7 tr(XTX®)
2g + v—2 2u
1 [Pe{XTXE)?} | P{tr(XTXE)}?
ValBB)] = 3.2 T-2)F—-4)  (T-2)2—4)

E,(B()] = B+ lly Xl +

We can perform the update for ¢(o?) via moment matching with the inverse-gamma distribution

via Equation (39).
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Algorithm 3 MP for the linear model: Approach 2

Require: y ¢ R", X € R"*P, g >0, A >0, and B > 0.

1: Calculate algorithm constants via (32).

2: Initialize variational parameters: A < A + i(n+p) and B+ B+ 252

3: repeat _

4: Update ¢(B) = t(p, X,7) via moment matching using approximate posterior means and covari-

ances of 3, and moments of Q(8)? assuming ¢(c2) = IG(A, B):

BeuB; S %L(XTX)*H U+ 24 (48)
5:  Approximate posterior moments of o2 assuming ¢(8) = t(f, 3, v):
1 ~ 1 _ Ta((XTXE
BB - B+ gy — X7l + oo XX+ TS 2 (49)
1| 22r{(XTX2)2}  P2er{(XTXX))}?
VBB« 5z | Gonm—0 T G-220 -9 (50)
E,[B(B)]
]E'r(0'2) — fH-qn?’ (51)
2 E,[B(B)] Vy[B(B)]
VT(")<_(A+”Tﬂ’—1)2(A+”T+P—2) (A+ 22— 1)(A+ 2 —9) (52)
6:  Update q(0?) parameters via moment matching:
7. [E(0?)? = 2
A V. (02) +2; B+ E,.(c%)(A—1); (53)

7: until convergence criteria are met.

D.6 MP Approach 2 Theory

Result 2 Suppose A > 2 and B > 0. The consistency conditions (48)-(53) of Algorithm 3

have a unique admissible fixed point, given by

where

A* n % n_.
A=A+g, B :B+§UZ,

-~ ok

B+ g /2
pr=up, %= (* %/

xXTx)-t ¥ =24 +n.
Atno )u( ), v +n

These are the exact marginal posterior distributions for B and o?.
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Proof: At a fixed point of Algorithm 3, the left-hand sides of the assignments are equal to
the corresponding right-hand sides of equations (48)—(53). This is equivalent to solving the

following system of equations:

p=uB (54)
> = —uX'X)! (55)
v =24 (56)
~T~T~N ] r T3
B (B(6)] = B + gy - X + £ T, P MRS 67)
1 [Pe(XTX®)?Y | P eXTXE))?

VBB =52 | G- -a) T 5- 220 4) (58)
E (0% — _LalBB)] -
") = gy (59)

2 _ E,[B(B)) Vq[B(B)]
T ey T sy
g L) (61)

V,(0?)

B=(A-1E.(c?) (62)

The moment-matching equations for 8, together with v = 24, imply

s _ V=2 2 T~e\—1 _
Y= = E,(0%)u(X" X) and = =5

Substituting the above expressions and fi = u/3 into the equations for E,[B(B8)] and V,[B(8)]

we obtain
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Hence,

_ B+%0% 4 5E,(0?)

E,(0?)

A+ 1
na 2
V.(0%) = [B+ %52 + LE,(0?)] N LIE (0?))?
(A+ 252 —12(A+ 5P =2) (A4 552 = 1)(A+ 5P - 2)
N p2-£2pvr(02)
AT DA+ Y

Solving for the first equation gives

which is the exact posterior mean for o2.
To solve for V,(0?) we next use (4 + “52 — 1)E,(0?) = B + 252 + LE,(0?) to obtain

n 2
(A+ 252 — 1+ BB, (o) 242y, (o)

VTQ = + .
Ve TV R AV R Ve )

Solving for V,.(02) we have

2

which is the exact posterior variance for o°. Hence, the solution to the system of equations

(54)-(62) is given by
82

n“) u(XTX)™1, 7 =2A+n,
2

A*=A+7 and  B* =B+ 252

2%

which correspond to the parameters of the exact posterior distribution where the starred values

denote the values of the corresponding parameters of ¢(8) and q(c?) at convergence.
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Uniqueness. Leta=A+n/2,b=B+no;/2, and c = A+ (n+p)/2 =a+ p/2. We show
that the admissible fixed point satisfying A > 2 and B > 0 is unique. At any fixed point of
Algorithm 3, Equation (48) determines values for p, 3, and 7. Therefore the only remaining
free parameters are A and B. Using these expressions in (49) gives

pB

E,[B(B)] = b+ A1)

Indeed,
v tr(XTXX) 24 pué/ﬁ_ pB

r—2  2u 24-2 2u 2(A —1)

The fixed-point condition for B from (51) and (53) is

B = (A_l)EQ[B(B)] A-1 b pg
N c—1 -1 204A-1)]"
Rearranging,
50 p ] (A-1p
[ _2(0—1)]_ c—1 "~

Since ¢ = a+p/2, 1 —p/[2(c —1)] = (a — 1)/(c — 1). Therefore, every admissible fixed point

must satisfy

- A1
B_ba_l. (63)

It remains to identify A. From (50), using 7 = 24 and X = (B/A)u(XTX)"!, we obtain

_ per{2A-1) +p}
4A-1)2(A-2)

Vy[B(B)]

Also, equations (51)—(53) imply

[E, (o) _ B (64)
2 (A—1)2(A-2)

E.(0?) = ——,  V,.(0?) =

A

On the other hand, substituting (49) and (52) gives
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Combining this expression with (64), and canceling the positive factor B2/(A — 1)2, yields

1 pl2(A—-1) +p]

A—2 =2 4A-2)(c—1)(c—-2)

Multiplying by (A — 2)(c — 2) gives the linear equation

T pl2(A-1) +p] _
A—0+W—O.

Equivalently, [4(c — 1) + 2p]A = 4¢c(c — 1) — p(p — 2) = 4a(a+p — 1). Since ¢ = a + p/2, the
right-hand side simplifies to and the coefficient of A is 4(¢ — 1) 4+ 2p = 4(a + p — 1). Thus,

n
A=a=A+ —.
a +2

Substituting this into (63) gives

B:b:B+gﬁ.

Therefore A and B are uniquely determined. Equation (48) then uniquely determines g, X,

and v. Hence the admissible fixed point is unique.
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E MP Derivations for MVN model

In this appendix, we provide detailed derivations for all of the material in Section 4.2. The
MP updates below involve fourth moments of a multivariate ¢ distribution and second moments
of inverse-Wishart random matrices. We therefore assume v, > p + 3, so that the required

moments exist at the exact posterior fixed point.

E.1 Exact posterior distributions for the MVN model

We next state the full conditional distributions for g and ¥, which are useful for deriving both

the MFVB and MP approximations:

B S~ Ny (1, 20) and S X, o~ TW, (8 (1), v + 1)
where ¥ (u) = o+ S+ n(X — p)(X — )T + Moppu®,

i:XTln/n, A =X +n; v,=uvg+n,
(65)
W, = n%/An, S=X"X -—nxx’, and ¥, =Ty+S+nr/\, XX .

For this example, we are able to calculate the exact posterior distribution and its corresponding
moments. This can be used as a gold standard for assessing the quality of MFVB and MP
algorithms. The marginal posterior distribution of ¥ is X | X ~ IW,, (¥,,, ).

The marginal posterior distribution for g can be found via

v,

X ~t , —
H| p(ll’n )‘n(Vn_p+1)

7Vn_p+1>7

where we have used the usual parametrization of the multivariate ¢ distribution whose density

and various expectations are summarised in section A.2 for reference.
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E.2 MFVB Derivations for the MVN model

For the MVN model in Section E.1 with ¢-density factorization ¢(u, ) = q(u)q(X), the updates

for g(p) and ¢(X) are derived via

n
q(p) ocexp |[—5 > (xi— ) Z 7N (x — ) — Shop" S

X exp _fT”MTEq(Z_I)M + uTEq(Z_I)ni}
A

X exp [— gduT\TI_lu + uT{Iv'_lélvnx}
~ Np(ﬁ, i)

a(2) ocexp [~ log | 5| — for {S7E, (¥ (w)) ]

~ TW, (¥, d).

where the update for ¢(p) is given by fi < p,, and 3 < ¥/(A\,d), and the update for ¢(2) is

given by U« ¥, + )\, and d Vp + 1. Algorithm 4 summarises the MFVB updates.

Algorithm 4 MFVB method for the MVN model
Require: X € R™? W, e S8, A\g >0, 19 >p— 1.

1: Calculate algorithm constants via (65).
2: Initialize: d < v, + 1 and ¥ « W¥,,.
3: repeat
4:  Update q(p): N
<, X 66
o W (66)
5. Update ¢(X): - N N
d < v, + 1; U v, +\X; (67)

6: until until convergence criteria are met.

E.3 Derivations of MP update of ¢(u) for the MVIN model

Equating E, (u) with Eq(p), and V,.(p) with V(@) we have

- ¥ (68)
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where A = d — p. Using (20) with p=0,a=1,A=1 X = > and b = ¥ we obtain

722tr >’ ()2
Byl - ) = )] (69)

and using (68) we have

B, [l al] = _é)([zti(;)(;_tri)‘l’)z]. (70)

n

Using Corollary 3.1 (i) and (iv) from von Rosen (1988) summarized in Section A.3 we have

E [tr(3%)] = (e + e)te() + eotr(®)2 and  E [tr(2)?] = ertr()? + 2eotr (W)

where c; ' = A(A —1)(A = 3), ¢; = (A — 2)c and provided A > 3. Hence, we obtain

E [ln—al'] =B [E{ln-al'1X,2}]
= M\ 2E, [tr(D)? + 26(3?)|
=22 ente(®)? + 262tr({Ivl2)} + 252 |21 + 2¢)tr(¥°) + 2e0tr(®)2]  (71)
= An2 (e1 + 22) [200(87) + tr(B)?]

2t0(F) + (D)2
T RA-DA-3)

noting that ¢; + 2c2 = (A — 2)ca + 2c2 = Aca = 1/((A — 1)(A = 3)).
Equating (70) with the final expression in (71), and substituting the expression for > in

(68), we obtain

(7—2) [26(F°) + (8] 940(F) 4 (B2
NA-IRE -4 R(A-1(A-3)

after solving for 7’ we find v =A+1=d—p+ 1.
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E.4 MP posterior expectation of ¢(X)

Since, 3 | X, p ~ IW,(¥ (), v, + 1) the corrected posterior expectation of ¥ is given by

E(2) =E [EE[X, p)

1
=—E, ¥
1 v ~
= (\Izn+~y )\nE)
Up — P v—2

Un—D

E.5 MP posterior variance of elements of X

In the following derivations the vector e; is a vector of zeros, except for the ith element which
is equal to 1. The matrix E;; is a matrix whose elements are 0 except for the (7, j)th element

which is equal to 1.

The MP variance of the diagonal elements of 32 are given by

Vie(Bi) =Eq [V(Za [ X, p)] + Vg [E(Z | X, p)]

— 2{®(p)}7; M
~Fa (vn—p)Q(Vn—p—2)] Y [ Vo —p }
2(a% + by;) n bii

T W —02n—p—2) " (n—p)p?
2(11% + (Vn - p)b”
(Vn —0)*(vn —p — 2)

where {®(p)}ij = 045 + sij + (@i — i) (Tj — p15) + Nopeigty,

aij =B ({®(p)}y]  and by =V [{®(w)}y]

Hence, we can write

_ 2dg(A)®® + (v — p)dg(B)

A = P —p—2)

73



We have shown that E,[{®(p)}ij] = aij, but we have yet to derive an expression for b;;.

Expanding and completing the square for W(u) we obtain

U(p) =P+ XX —nxxl +n(x — )X —p)’ + dopp’
=W, + A (10— ) (10— )
Next, we use (21) to calculate
Vo [{®(w)}ig] = AoV [ — i) (1 — 15)]

= XV, (1~ Beie] (1 — )]
= A2V, [(p— B)Ei;(p — @)

The diagonal elements of B are given by

Vq [{\Il(u)}zz] = /\di [(u, — ﬁ)E”(M _ INJ/)]
_ 32 [252 tr(By2E%) | 27 tr(By )" ]

G2 -4 @ -220_49)
20° 53 202 52,

[(a— -4 (- 2)2(17—4)]

_ 2R - 1) 5

(722 -4)

bis.

=\

n

Hence,
2A252 (v — 1)

R R

b = dg[EWV, {¥(u)}] =

Algorithm 5 summarizes the MP algorithm for the multivariate normal model.
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Algorithm 5 Moment Propagation algorithm for the multivariate normal model
Require: X € R™? W, e S8 A\g >0, 19 >p— 1.
. Calculate algorithm constants via (65).
. Initialize ¢(X): d < vy, and ¥ « @,
repeat
Update q(p) = t,(f,%,7) via moment matching using approximate posterior

means and covariances of g, and moments of || — f||* assuming ¢(3) = IW, (¥, d):

_ 7} -
e p,;, S —— 1 bed—p+]; 72
[l Nt D) (72)

5. Approximate posterior moments of 3 assuming q(p) = t,(f, >, 0):

A
E.(X) <« and
Up —
25(A)° + (1 — )b (73)
dg[EWV,.(X -
[ ( )] (Vn_p)Q(Vn_p_2)
where
Al < NPT —1) | <
A=9,+ "3 d b= N dg(X)®2 74
Ty =22 - B> (74)
6:  Perform the MP update for ¢(X) via moment matching:
-~ 217T[dg(E, (X))®? —
d dsBB)] s F ([ p— DE(D); (75)

17dg[EWV, (%)]

7: until convergence criteria are met

E.6 Result 3

Result 3 Assume v, > p+3, so that the fourth moments required by Algorithm 5 exist. Within

the admissible region d > p + 3, the moment equations (72)-(75) have a unique fized point,

~ % ~ ~ ok ‘I’n -~
U=, d* = vy, =, > =" 7 =vp —p+ 1.

This fixed point corresponds to the exact marginal posterior distributions of u and 3. The
algebraic fized-point equation also has a boundary root d= P+ 3, equivalently v = 4, but this

root is not admissible because the fourth moment used in the update for q(p) is then undefined.
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Proof: Consider the set of consistency conditions as the set of equations (72)-(75). Matching

V() with Vg(p) leads to the equation

7} )

)\n(g_p_l) v-2

Equating E,(3) with E,(X) and the above equation we get

Solving for ¥ we obtain

- d-p-1
_4TPT g

vp—p—1

Hence, we can write the expressions for A and dg(B) as

¥ L
A=W, + — n P §

(d—p—1) :J—p—l

and
NP -1) =
= G028

I A T
AT I
A )
= w4y s A

dg(B)

Hence, the moment matching equation for d can be written as

- 217dg(E ()
= “HEWY, (3)]
2
_ (vn —p)?
217[dg(A)?] + (vn — p)tr(B)

vp —0)2 (v —p — 2
(vn —p)*( p21T[)dg(A)2]

21" [dg(A)?] + (vn — p)tr(B)

+p+3

17[dg(A)?)

+p+3

=(vn—p—2) +p+ 3.
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Substituting the above expressions for A in terms of v, J, p and ¥, we have

j-_—(m-p=2 +p+3
I Gt B
= n— )
BRI [ R TR
=(p—p—2)|1— w-1 +p+3

(v —p)(¥—4)+ (7 —1)
(V—=1)(n—p—2)
(v —p)(¥—4)+ (¥ - 1)
(J_?)(Vn —P— 2)~
(Vn —p)(d—p—3)+(d—p)

=v,+1-—

=v,+1-—

where the last line follows from using v = d— p+ 1. Letting z = d— p and y = v, — p leads to

the equation

z(y —2)
—yt1———I 2
v y+ ylr—3)+ =
_ Cxy+1) -3z
=y+l z(y+1)—3y°

Multiplying by x(y+ 1) — 3y, expanding, simplifying, and grouping by powers of x, and dividing
through by y + 1 we have

22— (y+3)r+3y=0
The solutions are:

=+ —
Lo Yt3E-3)

= 3.
> Yy or

The solution © = y gives d = Vn, and hence the exact posterior parameters. The second
algebraic root x = 3 corresponds to d = p+ 3 and ¥ = 4. This root lies on the boundary of
the admissible parameter space, since the fourth moment of ¢,(p, i, V) exists only for v > 4.

Therefore, the exact-posterior fixed point is the unique admissible fixed point.
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E.7 Example

Suppose we draw n = 4 samples from x; id No(p, X) with

-1 1 075
n= and Y=
1 0.75 1
with summary statistics
—0.9724726 0.8144316 0.5688416
X = and S =
1.3202681 0.5688416 1.9682059

Again, we have chosen the sample size to be small in order to see the biggest differences between
MFVB and Exact methods.

The fitted values of the g-densities are summarised in Table 4. Figure 1 displays the posterior
density estimates for MF'VB against the exact posterior distributions. The posterior covariances
for p are given by

0.065 0.020 0.114 0.035

VB
Eg " (p) = and  E(p|X) = :
0.020 0.106 0.035 0.186

and the element-wise variances for ¥ are given by

VB 0.116 0.085 0.208 0.148
E,” (%) = and EWV(X|X) = )
0.085 0.310 0.148 0.557
showing the exact posterior variances for pu are 1.75 times bigger than MFVB estimates, and

that the MFVB estimates, and the exact posterior element-wise variances for X are 1.73-1.79

times bigger than the corresponding MFVB estimates.

78



Method | 7 J ill 212 SQQ {IV]H @12 {IVJQQ Iterations
MFVB 8 |1 0.065 | 0.0198 | 0.106 | 2.08 | 0.635 | 3.41 9

MP 6| 7|0.114 | 0.0347 | 0.186 | 1.82 | 0.556 | 2.99 22
Exact 6| 7|0.114 | 0.0347 | 0.186 | 1.82 | 0.556 | 2.99

Table 4: Summary of fits for the MVN model using MFVB and MP methods for the described data.
The values for p are not shown because they are exact for all methods.

mu_1 mu_2 rho_12
1.254
1.54
1.004 0.9
1.01 0.754
0.6
/ \ 0.50 A / \
031 0.3
0.254
2
2 0.0 0.00 1 0.09 - method
% -15 -1.0 -0.5 0.5 1.0 1.5 2.0 25 -1.0 -05 0.0 0.5 1.0
S = Exact
= Sigma_11 Sigma_22
2 MFVB
%]
o
o 1.54
24 ’ {
| 1.04 /
| |
14 | \ \
f \ 0.54
|
0 J 0.09 -
0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 2.0
X

Figure 1: The fitted posteriors for the MVN model using described data.

corresponding to MP are not plotted because they are exact.
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F Derivations for MVN model with missing values

We use the notation setup in Section 4.3 which we spell out more explicitly here. Let X be the
n X p matrix whose i-th rows are equal to x! and X,; denote the collection of missing values

in the matrix X. For ¢ € M, write
Z; = X M;» x; = ¢; + Rz,

where O; and M; are index sets representing the elements of x; that are observed and missing
respectively, c; is the vector obtained by replacing the missing entries of x; by zero, and R; is
the matrix that inserts z; into the missing positions. For example, if p = 5 and M; = {2,4,5}

then

Ti1 Ti1 0 00
0 0 1 0 0 T2
Xi=| a3 |, G=|as |, Ri=]10 0 0 and  z; =X M, = | x4
Ti4 0 010 ;5
| 5 | 0] | 0 0 1]

F.1 Fully factorized mean-field variational Bayes

We first derive the MFVB updates corresponding to the factorization

a(p, 2, Xnr) = q()g(B) T a(xing,),
ieM

where M denotes the set of observations with at least one missing component. We take

Q(/J/) = Np(ljv 2)7 Q(z) = IWp(‘Ilvd)a

and, for i € M, q(z;) = q(x;m,) = N|Mi|(ﬁi,\~7i).
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Update for ¢(x; ;). For fixed g(p) and ¢(X), the terms in the log joint density involving
Z; = Xj,M; are

—3(c; + Ryz; — W= e + Rizi — ).

Taking expectation with respect to g(p)g(X), and retaining only terms depending on z;, gives
log ¢*(z;) = —%z?R?ﬁRizi +z' RTQ(f1 — ¢;) + const.
where Q = E, (=71 = dv . Therefore,
q¢*(z;) = Njpy, (M, V;), where V; = (R/OQR;)™', and m; = V;RTQ(f - c;).

Note that this can be equivalently written as follows. If O; # &, this can be written in block

~ o~ - ~-1 = -
form as V; = Q.. and m; = frpy, — Qpp 0, Q0s,0,(Xi,0, — Bo,)- If O; = @, then the update

- ~ ~—1
reduces to m; =, and V; = Q .

It is useful to define the first two moments of the completed observation
Xi = Eq(xi) =c; + Rzﬁl, and B; = Vq(Xi) = RZ{/—,LRZT
For observations with no missing components, we set X; = x; and B; = 0.

Update for g(p). For fixed ¢(X) and {q(x; ;) : i € M}, the terms in the log joint density

involving u are

n

_ Ao _
Yoxi—w)E T (xi—p) — ?MTE '
=1

Taking expectation with respect to ¢(2) [T;caq ¢(%i,0,), and retaining only terms depending on

W, gives
1. e L
log ¢*(p) = —iknuTQu +utTQ Z X; + const,

=1

where A\, = Ao +n. Thus, ¢*(p) = Np(p, 2), with

and Y= (MQ)L
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Update for ¢(X). For fixed ¢(p) and {q(x; ) : i € M}, the terms in the log joint density
involving 32 are

A
S’

vo+p+n+2 1 1&
— O S log B — (W n ! 52 R

2

Hence, ¢*(X) = IW, (¥, d), where
d=wy+n+1 and ¥ =Py+ ZE‘I {(xz — ) (xi — ,u)T} + XoEqy (pp®).
i=1

Since ¢(p) is independent of g(x; ar,), we have
By (5~ )0 — )| =Bi+ 2+ (% — p)(% — 1), and Ey(pp’) =2+ jp’.

Therefore,

T =W+ Y [Bit+ (&~ )% — )|+ AomA” + AE
=1

At the update for g(u), we have i = fi,,, where fi,, = A\,;1 > ; %;. Thus the scale update can
equivalently be written as

n n
U =T+ %R+ Bi— My, + A3
=1 =1

This expression highlights the difference between the fully factorized MFVB update and the
blocked update for q(p, £): the factorization q(p)q(X) contributes the extra term A, 3 to the

inverse-Wishart scale matrix and changes the degrees of freedom from vy +n to vg +n + 1.

82



F.2 Blocked mean-field variational Bayes

We now derive the MF'VB updates corresponding to the partially factorized approximation

q(p, 2, Xor) = q(ps 2) [T alxinn)-
1EM

We take

q(p, B) = NIW, (12, A, ©, ),

meaning that ¢(u|X) = Np(f, A'%), and ¢(X) = IW,(®,7), and, for i € M, q(z;) =

g(xinr;) = Ny (8, V). Define @ = Eo(S71) =%

Update for ¢(x; 5s,). For fixed ¢(p, X), the terms in the log joint density involving z; = x; u,

7

are

1
—5(01' + Rizi — )" 7 (c; + Rizy — ).
Taking expectation with respect to ¢(u, X), and retaining only terms depending on z;, gives
1 ~ ~
log ¢*(z;) = —iziTR;-FQRizi + 2z RTQ(1 — ¢;) + const .
Therefore, ¢*(z;) = Nz, (M, V), where

\Nfi = (R?ﬁRi)_l, and m; = ‘NIIR;FQ(,E - Ci)'

Equivalently, if O; # @, this update can be written in block form as

V; = SNIX/[IZML, and m; = [y — QJT/[liMiﬁMiOi (%i,0; — Po,)-
If O; = @, this reduces to m; = f1, and V; = Q' After updating ¢(z;), define
%; =B (r;) =c; + Rym;, and  B; =V, (z;) = R;V,R.
As previously, for observations with no missing components, we set X; = x;, and B; = 0.
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Update for ¢(p,3). For fixed {q(x;n;) : @ € M}, the terms in the log joint density
involving (u, %) are logp(X) + logp(p|X) + >7it Eqllog p(x;|p, X)]. Ignoring constants not

depending on (u, ), this is

wtnt+p+2

2

1 1 A _ 1 -
log\El—gtr(\POZ 1)—?OuTZ 1“_§ZEQ [(xi—u)TE l(xi—u)].
i=1

Since Eq(x;) = X;, and V4(x;) = B;, we have
By [ — ) 87 s — )] = tr [27H{Bi+ (R - ) (% - )T}
Therefore, the coordinate update for g(u, ¥) is proportional to

1 g o -
| 3|~ (otntpt2)/2 oxp [—2 tr {21 (‘I’o + Z B; + Z(Xz — )% — )"+ )\OﬂHT> }
i=1 i=1

Let Ay = Ao+n, X =31 Ri/n, fin = nX/A\y = A\, 13" %;. Completing the square in p gives
n

D &= )&= )" dopp” = A= i) (= i)+ D RiR] — Anfi iy

j i=1

Hence, ¢*(p, X) = NIWp(ﬁ,X, \il,ﬁ), where

n n
B=f, A=\, T=u+n, and ¥=To+> XX +> Bi— \fi,fiy .
=1 =1

Equivalently, @ = @ + 7, [B; + (% — fi,)(Ri — )7 | + Aofbin-
The blocked approximation differs from the fully factorized MFVB approximation in two

ways. First, the variational distribution preserves the conditional dependence
4(p|E) = Ny(in, A7'S).

Second, the update for ¢(X) has degrees of freedom 1y + n, rather than vy + n + 1, because

w is updated jointly with 3 rather than factorized from it.
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F.3 Mean-field moment propagation

We now derive the MFMP updates for the factorization
a(p, 2, Xnr) = g1, 2) [] a(z),
ieEM

where z; = x; 57, denotes the missing components of observation i. We use
Q(H’az) = NIWp(ﬁ'?Xa‘i’vg)a and Q(Zi) = N|MZ|(ﬁlavl)7 i € M.

The update for ¢(z;) is obtained by propagating the conditional moments of x; 57, over the
current approximation ¢(u,¥). The update for ¢(p,X) is then obtained by propagating the

conditional posterior moments of (u, ) over the current approximation to the missing values.

Update for ¢(z;). First suppose O; = @. Then z; = x;, and conditional on (u,X), we
have x;|p, 3 ~ N,(pu,X). Therefore, E,(z;) = E,(p) = . Also, by the law of total variance,
Vi (zi) = E¢(2)+V,(p). Under the normal-inverse-Wishart approximation, V,(pu) = X_l]Eq(E),

and hence

Vilzi) = L+ ATE(D) = 1+ A7) =——

Thus, if O; = @, the moment-matching update is

ﬁi < ﬁ, and vz < (1 + X_l)m.

Now suppose O; # &. Conditional on (u,X), the missing components have Gaussian
conditional distribution
-1
Xi,Mi’Xi,O-n M, 3~ N|M1| (l’l’Ml + EMZOL 207;07; (Xiin - l’l’Oi)7 EMz‘Oz) ’
~_1

where B0, = Zarm, — 2,0, 2600, 0., Define L = Eq(Z1,0,80%,) = a0, % 0,0, (see

~ ~ ~ -1 = ~ .
Section A.4), and ‘IJMi\Oi =Wy, — ‘IJMiOi‘IlOiOilIlOiMi' Then Er(zi) = K, +Li(xi,Oi *uoi).
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The propagated variance is obtained using the law of total variance. We have

Vi(zi) = Eq(Znsj0,) + Vq [“Mi +Z01,0.20,0, (%i,0, — Hoi)} :

Using the block inverse-Wishart identities in Section A.4, this gives

~ - ~—1 ~ {IV’MZ O;
V. (zi) = [1 + AT+ (00, — B0 o0, (X0, — Hoi)} Wu_l
1
Hence, for O; # @,
m; < iy, + Li(X50, — Ro,),

and

Y -1 ~ Tt ~ ¥ asijo;

Vi« [1 + A7+ (x5,0, — Ro,) ®o,0,(Xi0, — Moi)] M -1

(3

After updating ¢(z;), define X; = E4(x;) = ¢; + Ryjm; and B; =V (x;) = Ri{fiRlT. Again, for

observations with no missing components, set X; = x;, and B; = 0.

Update for ¢(p,X). For fixed {q(z;) : i € M}, the conditional posterior of (u,X) given
the completed data matrix is normal-inverse-Wishart. Let A\, = A\g + n, v, = 1y + n, and

define fi,, = AP 3" %;, and A = Y | B;. The propagated mean of p is E.(u) = fi,,. The

n:

propagated variance of p is

The second term is the contribution from uncertainty in the missing values.
The following moment calculations assume that the required inverse-Wishart moments exist;
in particular, we require 7 > p 4 1 for E,(X) and v,, > p + 3 for the propagated element-wise

variances of 3. The propagated mean of 3 is

C

E(8)=———
(B) = —

where C = Wy + Y7 %X 4+ (1 — A\, DA — M\ i, il . To update the inverse-Wishart degrees
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of freedom, we also need the diagonal element-wise variances of 3. Let
dj:Vq ({\Iln(X)}jj)v J=1....p,
where
n n
‘Iln(X) = ‘I,O + ZXinT - )‘n/J’n(X)“n(X)Tv and /*Ln(X) = )\T_Ll in-
i=1 =1

Then

Equivalently, with d = (dy,...,dp),

O2 4 (y, —p—
dg[EWV,.(X)] = 2(;15(?; — :—)2((% —pp —1§)d.

It remains to compute each of the d;. Under the current approximation to the missing

data, x; has mean X; and covariance B;, independently across i. For a fixed coordinate j,

define Xj = (l‘lj,...,icnj), a; = (fflj,...,fb'\nj), and bj = ({Bl}jja--w{Bn}jj)- Then Xj ~

Ny[a;,diag(b;)]. Let Q = I,— ;11,11 Ignoring the fixed prior term {®g},;, the j-th diagonal

element of ¥,,(X) is X;‘»FQXJ-. Therefore, d; = Vq(X?QXj). Using the Gaussian quadratic-form

variance identity (see Section A.1),
d; = 2tr[Qdiag(b;)Q diag(b;)] + 4a’ Q diag(b;)Qa;.
Equivalently,

2 2 17a; \“*
dj =2 (1 — Aﬂ) 17p%2 4 Y%(lgbj)z +4bj (aj — /\n]l”> .

Finally, we match the corresponding moments of the normal-inverse-Wishart approximation

using

87



Matching E,(p) = Eq(p), tr[V, ()] = tr[Vy(p)], E (2) = Ey(X), and 1§dg[EWVT(E)} =
11 dg[EWV,(X)] and solving for f, X, ¥ and 7 we obtain the updates:

< t[E(®D)] - 217[dg(E(2))?]

p—E-(n); A+ m, v 1Tdg[EWY, ()] +p+3; U v—-—p—-—1E.(X).

When there is no missing data, A = 0 and d = 0, and the update reduces to the complete-
data normal-inverse-Wishart update. When missing data are present, A and d propagate
uncertainty from the missing components into the moment-matching updates for u and .

Algorithm 6 summarizes the MEMP approximation.
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Algorithm 6 Blocked MFMP algorithm for the MVN model with missing data

Require: X € R™*?, Wy e SY, X\g >0, v9+n>p+3.

1: Initialise: g, X, ¥ and 7 and set An < Xo+1n; vp 1+

2: For each i determine c;, R;, O; and M; from X and set X; + x;, and B; + 0 for all 7 s.t. M; = @.
3: repeat

4:  for i such that M; # @ do

5 if O, = @ then

6: Approximate posterior moments of z; when O; = @:

~ 1 1
E,(z;) + p; V,(zi) + (1 + X) - .

v—p-—1
7 else
8: Approximate posterior moments of z; when O; # @:
~ ~_1 ~ ~ ~ ~~_1 ~
E,(2:) < iy, + Li(Xi0, — Bo,); B
~_ - ~ -1 - W0,
Vo (zi) < [1 + A+ (x40, — Hoi)T‘I’OiOi (xi,0; — Ro,) m%
9: end if _
10: Perform MP update for ¢(z;) = N(m;, V;) via moment matching
ﬁli (*ET(ZJ, {71 (*VT(ZJ,
11: and update E,;(x;) and V4(x;): X; < ¢; + Rym;; B, « Ri{fiRzT;
12: end for
13:  Calculate intermediate quantities:
fi, < Y Ri/An; A< By C W+ X%+ (1-N") A= \afi fi,
i=1 i=1 i=1
and for j =1,...,p set a; = (T1j,...,%pn;) and b; = ({B1};j,...,{Bnr};;) and
2
2 , 2 17a; \°
dj <2 (1 - /\n) 17b3? + E(1Tbj)2 +4b} (aj - An]l") ;
14:  Calculate local likelihood based target moments:
—~ C E.(X) A
E — iy E ()« ——; 'V — —;
7"(/1’) p’na ( ) Vn—p—l T(iu’) )\n + )\%

2dg(C)** + (v, —p—1)d,
(n—p—=1* vy —p—3) "~
15:  Set E.(n) = Eq(p), tr[Vi(p)] = tr[Vy(p)], Ef(Z) = Ey(X), and 1]dg[EWV,.(X)] =

17 dg[EWV,(2)] to determine fi, A, ¥ and ¥ via:

dg[EWV,.(X)] +

_ 5 BB o 217[dg(E,(3)°7]
pe B A SRl T 1T agEWY, ()

Tp+3 W (T—p—1E(D);

16: until convergence criteria are met
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G Details for probit regression example

G.1 Derivations for MFVB

The derivation, except for very minor changes can be found in Ormerod and Wand (2010)
(setting y = 1,,, and using Z = diag(2y — 1,,)X in place of X). We refer the interested reader

there. The MFVB approximation corresponding to ¢(3,a) = q(B8) ¢(a) is
q(B) =N(p,X) and q(a;) = TN (mg4, 1), i=1,...,n,

where the update for ¢(8) is given by @ < SZTE,(a), and > + S. Algorithm 7 summarizes
the MFVB algorithm for the probit regression model. Algorithm 7 is very fast (per iteration)

due to the fact that the matrix S needs to be only calculated once outside the main loop.

Algorithm 7 MFVB for probit regression
Require: y € {0,1}", X € R™*P, prior precision matrix D, and initial value for f.
. Set Z = diag(2y — 1,)X, and S = (ZTZ + D)™!
repeat
Update ¢g(a) via m < Zp
Update ¢(B) via fi + SZT(m + (;(m)); X « S;

until convergence criteria are met
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G.2 Additional details for MP

Derivations for the MP approximation for probit regression outline in Section 4.4 are relatively
complete. A few details are included here for completeness.

Since a;|8, y; is a unit-variance normal distribution truncated below at zero,

k

Eq(a;) = m; + G (mi), where  (x(t) = % log @(1).

Algorithm 8 uses the function &(m,v) which is defined as follows. For k = 1,2,

&k(m,v) = E[¢(T)], where T ~ N(m,v),

with the convention that for vectors m and v, (m, v) is evaluated component-wise. The full

algorithm is listed as Algorithm 8.

Algorithm 8 MP for probit regression

Require: y € {0,1}", X € R™*P, prior precision matrix D, and initial value for f.
1: Set Set Z = diag(2y — 1,)X, S = (Z"Z + D)~! and initialize ¥ = S.
2: repeat
3:  Calculate Zfi and dg(ZXZT)
Approximate & (Zf, dg(ZXZ7)) and & (Zp, dg(ZXZT)) via quadrature.
Update ¢(a) via m « Zj + & (Zf, dg(ZXZT)).
Update ¢(B) via

o+~ SZ'm
Y « S+SZT[I, + diag{&,(Zf, dg(ZXZ7))} | ZS
+SZ7 L, + diag{¢2(Z2)} | ZZZ" [1,, + diag{(,(Zf) } | ZS

7: until convergence criteria are met
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G.3 Proof of Theorem 5

Regularity conditions. Assume that p is fixed and that the following conditions hold.

(A1)

(A2)

(A3)

(A4)

(A5)

(A6)

The prior precision matrix D is fixed and positive definite.

The posterior mode B exists, is unique, and lies in the interior of RP. The MP fixed point

(p, X) exists.

The design matrix satisfies n ' X7X = n~1Z7Z — X, where X, € S;‘. In particular,

the eigenvalues of XX are of order n.

At the MP fixed point, 3 = O (n~'), where O}'(r,) means that every element of the

matrix is Op(ry).

Let s2 = dg(ZXZT). The Taylor series remainders in the Gaussian-smoothed probit
derivatives satisfy ZTA; = O, (1), where & (Zp, s?) = G(Zp) + Ay, k = 1,2, and
Z" diag(Ag)Z = Op(1). In addition, if 1 — B = Or(n~1), assume Z"[diag{C2(Z)} —

~

diag{C2(ZB)}]Z = 01 (1).
For every B on the line segment between B and [, the matrix

D - Z' diag[(2(ZB))Z

has eigenvalues of order n, bounded away from zero after scaling by n~!.

Conditions (A3)—(A6) are the main order conditions used in the proof. Condition (A3)

controls the scale of ZTZ, while (A6) ensures that the posterior curvature matrix and the

corresponding MP curvature matrix are invertible with inverse of order Op(n~!). Condition

(A5) controls the Taylor remainders arising from replacing the Gaussian-smoothed quantities

¢;(Zp,s?) by their zero-variance limits (j(Zp). A simple sufficient condition for (A5) is a

bounded-design assumption together with 3= Og‘(nfl). For random designs, suitable mo-

ment and tail conditions on the covariates also imply these bounds.

Before we begin the proof, the following two lemmas are needed.
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Lemma 3 [Inverse perturbation bound]. Let A, and E,, be square matrices of fixed di-

mension. Suppose that A, and A,, + E, are nonsingular, and that for any fired matriz norm,

IAZ = Oplan),  I(An+En) 7| = Oplan),  |Enll = Op(bn).

Then (A, +E,) 1 — Al = Op(a%bn). In particular, if A, has eigenvalues of order n, so that
AL = Op(n™h), and if |En| = Op(1), then

(A, +E,) ' =A+0,(n?).

Proof: First we use the exact identity (A, + E,) ' — A} = —(A,, + E,) 'E, A, 1. Taking
norms gives

(A +En) ™" = ALY < [|(An + En) 7Y E] AL

By the assumed stochastic orders, the right-hand side is Op(a,) Op(by) Op(an) = Op(a2by). The

special case follows by taking a, =n~! and b, = 1.

Lemma 4 [Inverse bound for the covariance fixed-point operator|. Let A,,, B,,, and
C,, be symmetric p X p matrices, where p is fived. Suppose that A, = B, + C,,, that B, is
positive semidefinite, and that A, and C, are positive definite with eigenvalues of order n.
Define the linear operator

L,(E) = A,EA, — B,EB,.

Then L, is invertible on the space of p x p matrices and ||L;1]| = Op(n~2). Consequently, if

Ln(Eyn) = OF(1), then E, = O"(n™?).
Proof: Since A, =B, +C,,

L,(E) = A,EA, — B,EB, = C,EA, + B,EC,.

Vectorizing gives vec{L,(E)} = (A, ® C,, + C,, ® B,,) vec(E), where we have used symmetry
of A,, B,, and C,.
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Let K, =A,®C,+C, ®B,. Since A,, and C,, are positive definite and B,, is positive

semidefinite, K,, is positive definite. Moreover,
)\min(Kn) Z )\min(An ® Cn) - )\mln(An>Amm(Cn)

By assumption, Apin(Ay,) and Apin(C,) are bounded below by a positive multiple of n, with
probability tending to one. Hence, Apin(Kp) > Amin(An)Amin(Cr) is bounded below by a

positive multiple of n?, with probability tending to one. Therefore,
—1 -2
1K = Op(n™7).

Thus, [|£,'] = Op(n™?), and so if L,(E,) = O*(1), then vec(E,) = K; ' vec(L,(Ey)) =

Op(n™?) Op(1), and since p is fixed, this implies E,, = O*(n™?).

We are now ready to prove Theorem 5.
Proof of Theorem 5: We prove the result at the fixed point of Algorithm 8. Let
A=72"7Z+D, sothat S=A"1

Since p is fixed and by (A3) the design satisfies n 1Z7Z — 3, € S;. Thus, A = O;'(n)
and S = O)"(n~'). By (A4), at the fixed point, > = Op'(n~1). The weighted empirical sums
appearing below are controlled by the empirical order conditions in (A5). These conditions hold,
for example, under standard bounded design conditions, or under random-design conditions with
sufficiently many moments.

The posterior mode B satisfies
7Z7¢(ZB) - DB =0 or equivalently B = SZT[ZB + Cl(ZB)]
Let s2 = dg(ZXZ7). Since 3 = O (n~'), we have s7 = Op(n~"|z||?). By a Taylor series

i =
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expansion of & around s? = 0,
&1(Zp,s*) = Q1(Zp) + A,

where ZTA; = O, (1) by (A5). At the fixed point of Algorithm 8 we have g = SZ'|Zn +

¢1(Zp,s?)]. Subtracting the corresponding equation for B gives
A(p—B)=2"Z%(n— B) + Z"[C(ZR) — 1(ZB)] + ZT Ay

By the mean value theorem, (1 (Zp) — Cl(ZB) = WZ(p — B), where W is diagonal with

entries between (o(z! 1) and Cg(ziTB). Hence,
D-Z"WZ)(p—B)=Z"A,.

Since —(a(x) > 0 for all  the matrix D —ZT'WZ has eigenvalues of order n under the regularity
conditions above, in particular (A6). Therefore, i — 8 = oy (n=).

We now turn to the covariance. At the fixed point, define

WC = diag[Cg(Zﬁ)], BC = ZT(In + WC)Z, CC =A - BC =D - ZTWCZ and

W, = diag[&(Zp,s?)], Be=Z"(1,+W¢)Z, C¢=A-B;=D-ZTW.Z

Note that the matrix B¢ is positive semidefinite because 1 + (2(x) > 0 for all = (this is the

variance of a unit-variance normal variable truncated below at zero).

2

Using another Taylor series expansion in s; we have

&(Zf1.8%) = G(ZR) + Ao,

where ZT diag(A2)Z = OJ*(1). Thus, Bg = B¢ + Op*(1). The covariance fixed-point equation

in Algorithm 8 can be rewritten as

> =S+ SB¢S + SB(XBS.
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Multiplying on the left and right by A = S™1, using B = B¢ + O,'(1), and rearranging gives
ASA —-B:IB; = A + B¢+ O(1).

Now, since C; = A — B¢ direct expansion shows that ACZlA — BccngC = A + Bq.
Also, since A = B¢ + C¢, (B¢ + C¢)C; ' (B¢ + C¢) — B¢C;'B; = B¢ + C; + B¢ = A + B¢.
Therefore, if E = 3 — Cc_l, then AEA —B¢(EB; = O}'(1). By Lemma 4, the associated linear
operator L£,(E) = AEA — B(EB¢ has inverse of order O,(n~2), since A = B¢ + C¢, B¢ is
positive semidefinite, and A and C, are positive definite with eigenvalues of order n. Hence,
E = O'(n™?), and therefore 3 = Cgl + O (n?).

It remains to replace C¢ by the curvature matrix evaluated at the posterior mode. Since,

p—pB= O;,"(n_l), another Taylor series expansion gives

Z" [diag{Co(Zfa)} — diag{G2(ZB)}] Z = 05 (1).

This follows from the preceding mean bound under bounded-design conditions; for random
designs it is included in the empirical order assumptions. Thus, C; = D — ZT diag[CQ(ZB)]Z +
Op'(1). Since the leading matrix has eigenvalues of order n, the inverse perturbation bound

lemma above gives

C;! =D — z" diag{¢2(ZB)}Z] ' + O (n?).

Combining this with the previous display leads to
> = (2" diag{—((ZB)}Z + D] + O (n72).

Since p is fixed, element-wise Op(n_2) convergence implies Frobenius convergence of the same
order, i.e.,

IS = Vl[p = 0p(n~?),

where V = [Z7 diag{—(2(ZB)}Z + D]~!. Together with the mean result above, this proves the

theorem.
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H Additional numerical results for logistic regression

This section reports the logistic regression analogue of the probit regression results in Section 5.2.
The same datasets, prior specification, performance metrics, and computational setup are used.
The purpose of these results is to verify that the behaviour observed for probit regression is not

specific to the probit likelihood.

Data Method | RMSE() RMSE(c) MIN Q1. Q2. Frob.  Time (s)
Breastfeed | stan 0.007 0.0108 97.6 979 981 0.016 0.493
Laplace 0.258 0.0705 81.5 88.1 90.8  0.058 0.003
MFVB 0.154 0.2600 776 789 845  0.185 0.002
EP 0.008 0.0297 94.8 965 984  0.029 0.004
GVB 0.006 0.0346 94.6 96.2 98.3 0.033 0.008
GMP-L 0.038 0.0313 979 983 985 0.025 0.022
GMP-G 0.004 0.0184 98.8 99.1 99.3 0.022 0.004
GMP-E 0.006 0.0188 98.8 99.1 99.2 0.020 0.029
Ton. stan 0.012 0.007 96.9 978 98.0 0.005 1.90
Laplace 0.319 0.068 451 70.5 821  0.020 0.01
MFVB 0.152 0.241 56.7 68.0 70.9  0.057 0.14
EP 0.008 0.015 95.9 98.0 98.6 0.007 0.10
GVB 0.012 0.035 94.3 96.6 97.0 0.012 0.11
GMP-L 0.047 0.058 90.8 93.6 944 0.017 0.31
GMP-G 0.012 0.033 95.2 969 973 0.011 0.04
GMP-E 0.010 0.035 95.0 96.7 970 0.014 0.25
Spam stan 0.007 0.004 97.2 978 98.0 0.0018 44.4
Laplace 0.089 0.023 75.0 89.3 94.1 0.0039 0.3
MFVB 0.200 0.225 11.8 57.1 71.2  0.0445 12.9
EP 0.004 0.017 81.0 958 974 0.0035 4.4
GVB 0.005 0.022 788 956 97.3 0.0045 4.4
GMP-L 0.013 0.014 96.5 98.6 99.0 0.0046 4.1
GMP-G 0.005 0.007 97.9 994 99.6 0.0026 0.8
GMP-E 0.006 0.009 97.5 99.2 99.5 0.0025 5.1
Caravan stan 0.015 0.016 96.9 978 981 0.025 1020.1
Laplace 0.341 0.074 63.3 94.5 96.9 0.033 0.6
MFVB 0.082 0.390 524 717 734 0.138 36.3
EP 0.015 0.072 83.1 974 989  0.032 21.6
GVB 0.235 0.159 69.9 945 97.8 0.072 21.5
GMP-L 0.100 0.073 89.4 96.6 977  0.034 15.6
GMP-G 0.138 0.110 81.1 96.5 98.2 0.054 39.4
GMP-E 0.041 0.059 91.2 98.6 99.1 0.036 62.2

Table 5: Performance metrics for Logistic regression.

Table 5 shows broadly similar behaviour to the probit results in Table 2 of the main text.
MFVB tends to underestimate posterior uncertainty and gives substantially lower marginal den-

sity accuracies on several datasets. EP and the GMP variants are generally the most accurate
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methods. In particular, GMP often improves the marginal density accuracy of the approxima-
tion used for initialization, while remaining much faster than the short-run MCMC benchmark.
As in the probit case, the quality of GMP depends on the initialization, and no single
initialization dominates across all datasets and metrics.
Unlike the probit results in the main text, there is no auxiliary-variable MP entry for logistic
regression; the MP-based entries here are the GMP variants. We leave such a variant for future

work.
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I Bayesian Lasso details

This appendix gives the MFVB and GVB approximations used to initialize the GMP updates

for the Bayesian Lasso example in Sections 4.6 and 5.3.

I.1 Model and latent-variable representation

We consider the model y; | 8,02 ~ N(x! 8,0?) with

o . A A
Bj | ® ~ Laplace (0, )\> that is  p(B; | 0?) = 25 &P (—J\Bﬂ) . (76)

We treat A? > 0 as fixed to simplify the analysis. The parameters of interest are 8 = (3, 52).
We assume that y and X are centered so that, without loss of generality, the intercept can be
ignored. Since (76) is difficult to handle directly, we instead adopt an auxiliary representation.
This entails replacing (76) with

2 .
6] ’ Uzvaj ~ N <O7 CLO'-A2> ’ 7 1}\(’1 IG(L 1/2)a 1 S] < D, (77)
J

Park and Casella (2008) show that we need to condition 8; on o2 for the regression coefficient
posteriors to be unimodal. The above is equivalent to Park and Casella (2008), where we have
shifted the dependence of a; on A\? to having (; depending on A%. Finally, we use 02 ~ IG(A, B)

as the (conjugate) prior for o2.

I.2 Mean Field Variational Bayes

The VB approximation corresponding to the factorization ¢(8, 02, a) = q(8)q(c?)q(a) leads to

q(B)

N (,u = QxTy,x = (B/A)Q) and

q(0?) =1G (A= A+ "2 B=B+ iy - Xp|* + 5" Du + str (S(X"X + A’D)) ) .
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Since p(a|D, B8, 0?) = L1 p(a|D, By, 0?) we have ¢g(a) = "_, and so we have independently

B/A
q(aj) = Inverse-Gaussian (dj = )\2(/12/—1—22)’)\j = )
J ]

where Q = (XX + A?D)~!, D = diag(E,(a)) = diag(d). Here we use the inverse-Gaussian

parameterization with density proportional to

N2
2m2x

where m is the mean and A is the shape.

I.3 Gaussian Variational Bayes

Consider the model representation (76) and suppose that ¢(8,02%) = q(B)q(c?) with ¢(8) =

N(p,X). Then (ignoring additive constants)

1 A n+p _
logp(y,B,0%) =—=ly—XBl5— =Bl — A+ +1)log(0?) — Ba—>.
20 o 2

For fixed g(o?), given q(B) = Np(u,X) the optimal values of p and ¥ maximize (ignoring

additive constants)
ELBO = — o1 [[ly — Xpll} + tr(X"XZ)| - o, (|8]1) + 3 log |3

were ¢; = E4(072) and ca = AE,(071). For B; ~ N(u;,%j;), let s; = /j;, and 7; = p;/s;

then
Eq|B5] = pj{®(rj) — ®(=rj)} + 25;0(r;).
and
OE,|B;
il — (7)) - a(-).
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Then

OELBO
o = X (y — Xp) — 2 [®(r) — ®(—r)] and
O’ELBO T : ~1/2
W = —01X X — Cleag |:2dg(2) ® d)(r)} .
We also have
OELBO

Gy = b [{Z7 - aX X - ey diag (208() 7 0 6(r) } By
ij

This leads to the updates
o« X« {chTX + co diag <2dg(2)_1/2 ©) ¢(r)>} -
o pept B [aXT(y - Xp) - o {0r) - &(-1)}].

These equations are solved by fixed-point iteration, using the current values of p and X on the
right-hand side. We found that this fixed point iteration can be unstable and usually requires
the algorithm to be initialized at good starting values. However, this fixed point approach is
much faster than optimizing the ELBO directly with respect to 3.

The optimal g(o?) is of the form
q(0?) =Z texp [—(/T+ 1)log(0?) — Bo~! — 6’0_2]
where A=A+ ™32, B =X-E, (|8]1). C = B+ §Ey) |y ~ XB]3), and
_ [~ (F _pl/2 _ fyl
Z = | exp|—(A+1)log(t) - Bt Gt~ dt
0

with ¢ = 02. The ¢-density is not the usual inverse-Gamma distribution due to the o~! term
appearing and needs to be handled numerically. The normalizing constant Z and the moments

Eq(072), Eg(c™1), and E,(0?) are evaluated numerically using a composite trapezoid rule.
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